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Abstract
We describe a linear-time algorithm that recovers absolute, scene-relative camera

orientations for networks of thousandsof terrestrial imagesspanning hundreds of me-
ters, in outdoor urban scenes,under uncontrolled lighting. The algorithm requires no
human input or interaction, and producesorientation estimatesglobally consistent to
roughly 0:1� (2 milliradians) on average, or about two pixels of epipolar alignment,
expending a few CPU-minutes of computation on a 250MHz processor.

Ordinary planar imagesaregroupedby optical center into \omni-directional" (wide-
FOV) nodes. The algorithm then estimatesa local coordinate frame for each node by
classifyingand combining thousandsof line features into a few robust vanishing points
(VPs), modeling features and VPs as projective probabilit y densities. Scene-relative
3-D line directions are hypothesizedbasedon all local VPs, and the entire dataset is
�nally registered to these directions. As output, the algorithm producesan accurate
absolute orientation assignment, and an associated uncertainty estimate, for every
camera.

The algorithm takes accurate intrinsic parameters, approximate extrinsic orienta-
tions, and a connectednode adjacency graph as input. It requires that at least two
distinct VPs are visible in each node, but makesno assumption about the orientation
of any singleVP (e.g. that it is horizonal or vertical); nor doesit make any assumption
about the relationship betweenany pair of VPs (e.g., that they are orthogonal).

This paper's principal contributions include: the extensionof classicalmulti-camera
alignment methods to a probabilistic framework; a new, limited (but more robust and
accurate) use of the Hough Transform to initialize an iterativ e algorithm; and strong
quantitativ e evidenceof the superior utilit y of omni-directional (wide-FOV) imagesfor
extrinsic calibration.

We assessthe algorithm's performanceon synthetic and real data, and draw several
conclusions. First, registration of wide-FOV images is fundamentally more robust
against failure, and more accurate, than is registration of ordinary imagery. Second,
we show that by fusing thousands of gradient-based line features into a few ensemble
projective features(vanishingpoints), the algorithm achievesaccurateregistration even
in the faceof signi�cant lighting variations, low-level feature noise,and error in initial
rotation estimates. Third, the systemsurmounts the usual tradeo� betweenspeedand
accuracy; it is both faster and more accurate than manual bundle adjustment.
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1 In tro duction

Intrinsically and extrinsically calibrated imagery is of fundamental interest in a variety of
computer vision and graphics applications, including sensorfusion, 3D reconstruction for
model capture, and image-basedrendering for visual simulation of realistic scenes. Algo-
rithms exist to recover parametersfor a �xed camerawith little or no manual input [42].
In practice, applications requiring fully calibrated imagery depend on substantial manual
e�ort, for examplespeci�cation of tie points acrossmultiple imagesthat allow an automated
bundle adjustment algorithm to recover extrinsic parameters. Even for small datasets,this
manual component can demandmany hours of human e�ort, and is di�cult or impossible
to partition amongseveral workers.
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Figure 1: Motivation: An Automated Mo del Capture System
Imagesand approximate cameraposeare acquiredand grouped by optical centerinto hemisphericalimages
(nodes). An automated processrecoversintrinsic and extrinsic cameraparameters,after which detailed
scenegeometryand texture are estimated.

We have developed two automated cameraregistration algorithms as part of a system
(Fig. 1) for automatedmodelcapturein extendedurban environments [41, 13]. In our system,
a human operator movesa sensor[8] to many viewing positions in and around the sceneof
interest. At each position, the sensoracquiresa high-resolution image of someportion of
the scene,along with a rough estimate of the acquiring camera'sposition and orientation,
in absolute(Earth) coordinates. The result is a set of images,each with a hemisphericalor
greater �eld of view, acquired15 to 20 metersapart (Fig. 2).

Imagesare grouped by optical center into single,wide-FOV mosaicscalled \no des" [13].
Each node is subsequently treated as a rigid, super-hemisphericalimagewith a singlepose.
The useof wide-FOV imagery provides a signi�cant advantage in practice, by reducing the
number of optimization parameters, and by eliminating classicalbias and ambiguities in
cameramotion estimation [19, 13, 17].

The initial poseestimatesarenot su�cien tly accuratefor 3D reconstruction. Under ideal
acquisition conditions, they are accurateto a meter of position and a degreeof orientation;
however, in our urban environment thesecon�dence boundsdegradeto several metersand
several degrees.Thus onecritical component of our systemis the re�nement of the sensor's
initial cameraposeestimatesto bring all camerasinto registration. The scaleof the dataset
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(a) (b) (c)

Figure 2: Pose-Image Acquisition
(a) Our prototype sensor, which acquiresgeo-referencedimages. (b) A typical omni-directional image

con�guration. (c) Node locationsregisteredwith a groundmap.

rules out interactive techniques; thus poserecovery must be fully automated. Solving the
generalregistration problem requiresdetermining six parametersfor each camera: three of
rotation and three of position. Our approach decouplesthe 6-DOF problem into a pure
rotation (3-DOF) and pure translation (3-DOF) component. This paper addressesonly
rotational recovery; a companionpaper [2] addressesthe recovery of absolutepositions.

1.1 Algorithm Overview

The goal of our algorithm is to accurately register camera(node) orientations to a single
coordinate system. Intuitiv ely, the algorithm detectscommonscenestructure observed by
clustersof nearby nodes. Each node is then aligned to this locally observed structure. Since
nearby nodes typically view the sameor overlapping scenegeometry, this processbrings
proximal nodesinto alignment with each other. A global formulation then brings all nodes
into alignment in a commoncoordinate system.

More formally, the algorithm proceedsas follows. Lines in each image are classi�ed
into parallel setsand assembled to construct position-invariant features(vanishing points)
by exploiting projective duality and inference techniques. An expectation maximization
(EM) algorithm, basedon a projective mixture model and initialized by a Hough transform,
simultaneously estimatesmultiple vanishing points in each node. Another EM formulation
probabilistically correlatesvanishingpoints with scene-relative directionsand recoversglobal
orientation and uncertainty for each node, independently of position.
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1.2 Input Requiremen ts and Assumptions

To register a set of images,our algorithm requiresthe following inputs:

Figure 3: Camera Adjacency
An imagenetwork: points representnode locations;edgesrepresentnode adjacency.

� Accur ate intrinsic calibr ation. Non-linear imagedistortion, if present, is corrected
o�ine, and pin-hole parameters(focal length, principal point, and skew) are supplied.

� Rough extrinsic rotations. Approximate orientation estimates are supplied for
each node, enabling falseminima to be avoided during optimization.

� Camer a adjac ency. For each node, a list of the node's neighbors is given, identify-
ing cameraslikely to have viewed overlapping portions of the scene. This adjacency
information is extracted from the sensor'sGPS-basedposition estimates[8].

� Line featur es. For each image, sub-pixel gradient basedline featuresare speci�ed,
as generateby a modi�ed Canny edgedetector [9].

In practice, registration succeedswhen the following conditions hold:

� Visible vanishing points. At least two distinct vanishing points (VPs) are visible
in each wide-FOV node (though not necessarilyin each narrow-FOV image). These
VPs provide a local, translation-invariant coordinate frame for each node.

� Overlapping scene geometry. Nodesare acquiredwith su�cien t density such that
adjacent nodesobserve overlapping scenegeometry(in this case,two or morecommon
vanishingpoints). The inter-node distancein our datasetsis about �fteen meters.

� Wide-F OV nodes. Our algorithm is applicable to imageswith any FOV. However,
wide-FOV imagesare fundamentally more powerful than conventional imagery; they
provide maximal observations of surrounding structure, disambiguate small rotations
from small translations, reducebias in inference,and in generalenablemore reliable
convergenceand higher accuracy.
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1.3 Paper Overview

The remainder of the paper is structured as follows. Section 2 reviews projective feature
representations and geometric probability. Section 3 describes the orientation re�nement
algorithm, and Section 4 reports the result of applying the algorithm to several synthetic
and real datasets.Finally, Section6 reviewspreviouswork on rotational imageregistration,
and Section7 summarizesour contributions and results.

2 Preliminaries

This sectionreviewsthe representations of coordinate transformationsand uncertain projec-
tive featuresusedby the registration algorithm.

2.1 Extrinsic Pose

A rigid transformation, consisting of a 3 � 1 translation t and orthonormal rotation R ,
expressespoints pw in world spaceas points pc in cameraspace. Its inversespeci�es the
orientation and position of the camerawith respect to the scenecoordinate system. Formally,

pc = R > (pw � t ) (1)

pw = R pc + t (2)

wheret is the position of the focal point, and the columnsof R are the principal axesof the
cameracoordinate system,both expressedin scenecoordinates. Thesetwo quantities thus
summarizethe external poseof the camera.We represent rotations by unit quaternions.

2.2 Pro jectiv e Lines

We represent in�nite lines in the (u; v) imageplane as

au + bv+ c = 0 (3)

or equivalently

p � l = 0 (4)

wherep = (u; v; 1)> and l = (a;b;c)> . Although the Euclideanplaneis a convenient spacefor
feature detection, it is not ideal for feature representation: it implies non-uniform sampling
with respect to the focal point, and is unstable for rays nearly parallel to the imageplane.
This leadsto instabilit y and poor conditioning in inferencetasks.

Thus to represent line featureswe usethe projective plane
� 2, a closedtopologicalman-

ifold containing the set of all 3-D lines through the focal point. Points along any given 3-D
line, except the focal point itself, constitute an equivalenceclass� :

p � r , p = � r ; (5)
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where� is a real nonzeroscalarvalue. Becauseof the relationship in Eqn. (5), the projective
plane is a quotient space on �

3 (minus the focal point) and also on the surfaceof the unit
sphere �

2, sometimesreferred to in the literature as the Gaussiansphere [4]. The sphere's
surfaceis an ideal spacefor representation of projective features,just asit is an ideal spacefor
imageprojection: it is closed,compact, and symmetric, and it provides uniform treatment
of rays from all directions.

Points in the Euclidean imageplane can be transformed to the sphereby augmentation
to homogeneous(projective) coordinatesand normalizing:

(u; v) ! p = (u; v; 1)> !
p

kpk
: (6)

All collinear points p i in the imagemust satisfy the orthogonality constraint of Eqn. (4),
which implies two important facts. First, the line parametersl are unique only up to an
arbitrary non-zeroscale;l itself canthusbeviewed asa projective point. Second,p and l are
symmetrically related: the rolesof the two quantities can be interchangedwithout altering
the constraint. Thesetwo facts imply a simple projective duality betweenpoints and lines,
which states that a line l can be represented as a unit direction �k

�

k on the sphereto which
any projective point lying on the line is orthogonal; the set of all such points tracesa great
circle on the sphere.

Similarly, a given image point p can be viewed as a pencil of image lines, all of which
contain, and thus intersect at p. The parameterizationsl 1; l 2; : : : of such lines must satisfy
Eqn. (4), and thus the set of all line duals through p trace a great circle on the sphere
orthogonalto p (Figure Fig. 4). Wewill return to theserelationshipsin consideringprojective
inferenceand data fusion for the formation of line featuresand vanishingpoints.
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Figure 4: Projective Image Features
(a) A 3-D line can be representedby a 2-D line in planar projection or a great circle in sphericalprojection.
Any point on the linemustbeorthogonalto the line'sdualrepresentation.(b) A 3-D point canberepresented
asa unit vector on the sphere,or asa pencil of linespassingthrough its projection.
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2.3 Bingham's Distribution

Featuresviewed by a single cameraare inherently projective, since no depth information
is available. We wish to represent projective features with suitable spherical probability
distributions.

Exponential distributions are useful for inferencetasks [6], but the most commonlyused
multi-v ariate Gaussiandensity is a Euclideanprobability measureand is thereforenot suit-
able for projective variables. Conditioning a zero-meanGaussianvariable x 2 R 3) on the
event that kx k = 1 results in Bingham's distribution, a 
exible exponential density de�ned
on the unit sphere[7, 23, 44].

This distribution can be generalizedto arbitrary dimension, and is parameterizedby
a symmetric n � n matrix M , and diagonalized into the product M = U � U > , where
U 2 �

n� n is a real unitary matrix whosecolumns u i represent the principal directions of
the distribution and � 2 �

n� n is a diagonal matrix of n concentration parameters� i . The
density is given by

p(x ) =
1

c(� )
exp(x > M x )

=
1

c(� )
exp

 
nX

i =1

� i (u >
i x )2

!

(7)

wherec(� ) is a normalizing coe�cien t that dependsonly on the concentration parameters.
We denotethis density by Bn (x ; � ; U ), or simply Bn (x ; M ), with the subscript n denoting
the dimensionof the space.The matrix M is analogousto the information matrix (inverse
of the covariance) of a zero-meanGaussiandistribution [35].

The Bingham density is antip odally symmetric, or axial: the probability of any point x
is identical to that of � x . It is closedunder rotations: if y = Rx , where R is a rotation
matrix and x hasBingham distribution Bn (x ; � ; U ), then y alsohasa Bingham distribution
givenby Bn (y ; � ; RU ). Finally, the Bingham representation is expressive: the concentration
parameters can describe a wide variety of distributions, including uniform, bipolar, and
equatorial (Fig. 5).

The setof concentration parametersis uniqueonly up to an additive shift; in other words,
the density is unchangedif a singleconstant is addedto all parameters.By convention, the
parameters(along with their corresponding modal directions u i ) are orderedfrom smallest
to largest, and shifted by an additive constant so that

� 1 � � 2 � : : : � � n = 0:

Jupp and Mardia [23] have shown that the maximum likelihood estimatesof Bingham
parametersgiven a set of deterministic unit-length data points X = f x 1; : : : ; x kg is related
to the samplesecondmoment matrix

S � =
1
k

kX

i =1

x i x >
i : (8)
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Figure 5: Bingham's Distribution on the Sphere
The shape of iso-density contours on Bingham's distribution depends on the concentrationparameters.
Examplesare shown for B3. (a) A uniform distribution (� 1 = � 2 = 0). (b) A symmetricbipolar distribution
(� 1 = � 2 � 0). (c) An asymmetricbipolar distribution (� 1 < � 2 � 0). (d) A symmetric equatorial
distribution (� 1 � � 2 = 0). (e) An asymmetricequatorial distribution (� 1 � � 2 < 0).

If the matrix is diagonalized into S � = V � V � 1, where � is a diagonal matrix of the
eigenvalues,then U = V (that is, the principal directions of the Bingham distribution are
exactly the eigenvectorsof S � ), and the concentration matrix � is a function of � . It is thus
possibleto transform the Euclidean samplecovarianceinto a sphericalBingham parameter
matrix and vice versa. The unit-length constraint on the x i ensuresthat trace(S � ) = 1.

We describe all projective imagefeatureson �

2 asBingham variablesB3(�). In addition,
since unit quaternions are antip odally symmetric and de�ned on the surface of the unit
hypersphere�

3, we represent rotational uncertainty by the Bingham variablesB4(�).

3 Orien tation Recovery Algorithm

This section describes the orientation recovery algorithm (Fig. 6). Section 3.1 reviewsthe
geometryof vanishingpoints (VPs) on the sphere.Section3.2presents a novel method which
robustly detects,then accuratelyestimates,multiple vanishingpoints in a singlenode. Sec-
tion 3.3 extendsa classical,deterministic algorithm for rotationally registeringtwo cameras
to account for (input) feature and (output) orientation uncertainty. Finally, Section 3.4
usesEM to classifyvanishingpoints, estimateglobal scene-relative line directions,and re�ne
rotations for an arbitrary number of cameras.

3.1 Vanishing Poin t Geometry

Parallel 3-D lines viewed under perspective converge to an apparent point of intersection
known asa vanishingpoint or VP. VPs have long beenusedin vision to extract information
about scenegeometry[4] or egomotionor both.

Considera 3-D line parallel to someunit direction v, and its 2-D projection on the image
surface(Fig. 7). The two quantities are projectively equivalent; that is, any projective ray
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Figure 6: Rotational Registration
Line featuresare detectedin individualnodesand fusedinto VPs, which are then usedto registeradjacent
imagepairsand �nally the entire node set.

p that intersectsthe image line also intersectsthe sceneline. The set of all such rays thus
forms a plane P that includesthe focal point, the 2-D line, and the original 3-D line. Let l
represent the projective dual of the line, that is the direction on the sphereorthogonal to all
rays p through the image line. Sinceby construction l is orthogonal to P, it must also be
orthogonal to the 3-D line; that is, l � v = 0.
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Figure 7: Geometry of Vanishing Points
Projectionsof parallel 3-D lines convergeto an apparent vanishingpoint in the plane. Projectively, the
vanishingpoint representsthe intersectionof a pencil formed by observationsof the lines.

Similarly, any 3-D line parallel to v has a projective dual representation l i for which
l i � v = 0. The direction v is thus the normal to a plane containing all such dual rays l i

(Fig. 7). Becauseof the projective equivalencebetween scenelines and image lines, 2-D
observations alonesu�ce for this construction; thus, v can be recoveredfrom a set of image
lines if their associated 3-D lines are known to be parallel to v. For example, an error
expressionsuch as

P k
i=1 l i � v can be minimized, or a set of noisy line measurements can be

fusedto form a projective distribution on v.
The intersection of two or more projective lines can be represented as a point on the

sphere to which the lines' dual representations are orthogonal. This is the relationship
stated by l i � v = 0, so the projection of the recovered3-D line direction v onto the original
imageis preciselythe apparent intersectionof all the 2-D lines. That is, the intersectionand
the 3-D line direction represent the sameentit y, the vanishingpoint. Sincevanishingpoints
lie at in�nit y, they are invariant to local cameratranslations.
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3.2 Detecting VPs in One No de

Image lines, represented by projective random variables x i , serve as the primary features
for vanishing point recovery. However, the collection of lines in a given image is initially
unclassi�ed; that is, lines are not grouped into parallel sets, and random outliers (arising
from organicobjects and visual clutter such asfoliage,cars,and people)are mixed with the
true data. The problem of vanishing point estimation thus has three components. First,
the number of groups J (that is, the number of prominent 3-D line directions) must be
established.Next, lines x i must be classi�ed accordingto their corresponding 3-D direction
or discardedas outliers. Finally, the vanishing point v j for each group must be estimated.

Thesethree problemsare tightly coupled, in that given a deterministic classi�cation of
all line features,the estimation problem reducesto a collectionof J isolated,straightforward
projective inferencetasks,onefor each line group; and similarly, given knowledgeof all 3-D
directionsv j , line classi�cation is reducedto a similarity metric betweenlinesand directions.
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Figure 8: Vanishing Point Estimation
Stochasticline featuresfrom a singleimageareobtainedfrom the fusionof gradientpixeldistributions. These
linesare usedin a Hough transform, which �nds prominent 3-D line directionsto initialize an expectation
maximizationalgorithm. The result is a set of accuratevanishingpoints and a line classi�cation.

The expectation maximization (EM) algorithm [16] is a powerful tool for parameter
estimation from incomplete or unclassi�ed data. This section presents an EM formulation
for simultaneousline classi�cation and vanishing point estimation as inferenceproblemson
the sphere.For the moment, it is assumedthat the algorithm is appropriately initialized; that
is, the number of prominent 3-D directions J is known, and their approximate directions are
available. Section3.2.4 describesan e�cien t Hough transform technique which determines
thesequantities. The overall systemis summarizedin Fig. 8.

3.2.1 Mixture Mo del for Vanishing Poin ts

Fig. 7 shows that vanishing points are projective quantities constrainedby the dual points
of contributing projective lines. Thus each of the J observed vanishing points v j is treated
as a Bingham random variable with unknown parameter matrix M

�

j , formed by fusion of
the appropriate uncertain line features. The entire data set X is a collection of unclassi�ed
samplesfrom the setof randomvariablesV = f v 0 : : : ; v J g, wherev 0 represents an unknown
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outlier distribution; thus, X is described by a mixture of J + 1 Bingham densitiesp(x i jj; V),
so that

p(x i jV) =
JX

j =0

p(x i jj; V)p(j jV); (9)

wherep(j jV) is a prior probability representing the fraction of data generatedby v j . Each
observation x i represents an uncertain line featurewith known equatorial Bingham distribu-
tion B3(x i ; M i ). The parameter matrices M i are maximum likelihood estimatesobtained
from constituent gradient pixels when the line feature is detected.

With the form of the underlying distributions speci�ed, the E-step, in which likelihoods
are calculated,and the M-step, in which parametersof interest are estimatedby maximum
likelihood, can proceedin alternation. Thesestepsare described in the next two sections.

3.2.2 The E-Step

In the E-step of the EM algorithm, a set of posterior probabilities � ij is computed which
e�ectively \w eigh" each observation x i during the estimation of the parametersM

�

j for
distribution j in the subsequent M-step. The weights are given by

� ij = p(j jx i ; ~V) =
p(x i jj; ~V)p(j jV)

P J
m=1 p(x i jm; ~V)p(mjV)

; (10)

where ~V represents the vanishingpoint distributions ascomputedfrom the previousM-step.
Assuming the prior probabilities p(j jV) and current parameter estimatesM

�

j are known
(either from the previous step or from initialization), all that remains is to calculate the
mixture component probabilities p(x i jj; V).

Intuitiv ely, p(x i jj; V) represents the likelihood of the line x i given that it belongsto
vanishing point v j . If the line observation were deterministic, this likelihood would simply
be given by B3(x i ; M

�

j ). However, x i is a stochastic measurement which is itself represented
by a probability distribution.

Bayesianarguments can thereforebe usedto determinethe likelihood. Let x 0
i represent

a particular measurement from the distribution of random variable x i ; then

p(x i jj; V; x 0
i ) =

1
c(M

�

j )
exp((x 0

i )> M
�

j (x 0
i )) : (11)

To eliminate the dependenceon the particular value of the random variable, the joint likeli-
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hood is integrated over all possiblemeasurement values:

p(x i jj; V) =
Z

p(x i jj; V; x 0
i )p(x 0

i )dx 0
i

=
Z

1
c(M

�

j )
exp

�
(x 0

i )
> M

�

j (x 0
i )

� 1
c(M i )

exp
�
(x 0

i )
> M i (x 0

i )
�

dx 0
i

=
1

c(M
�

j )c(M i )

Z
exp[(x 0

i )
> (M

�

j + M i )(x 0
i )]dx 0

i

=
c(M

�

j + M i )

c(M
�

j )c(M i )
: (12)

Thus p(x i jj; V) can be calculated as a ratio of normalizing coe�cien ts from three di�erent
Bingham densities.

3.2.3 The M-Step

Oncethe weights are known, the Bingham parametermatrices M
�

j of each vanishing point
distribution can be estimatedby maximizing the log likelihood function

kX

i =1

JX

j =1

� ij log[p(x i jj; V)p(j jV)] + logp(V) (13)

where p(V) is a prior distribution on the vanishing points. The exponential form of the
Bingham distribution facilitates calculation of the log likelihood. Every parameter matrix
M

�

j is computed independently by fusing all k observations x i , each weighted by the � ij

from the E-step. Using Eqn. (13) and pooling all data information matrices M i yields

M
�

j =
kX

i =1

� ij M i + M 0
j (14)

whereM 0
j represents the parametersof a prior distribution on v j (seeSection3.2.4).

3.2.4 EM Initialization Using HT

Proper formulation and implementation of the EM algorithm described above relies on
knowledge of the number of vanishing points J . In addition, guaranteed convergenceto
the correct solution (i.e. avoidanceof local optima) requires the availabilit y of reasonably
accurate parameter estimates. Both required quantities can be obtained using a Hough
transform [22, 4, 25]. We circumvent the practical di�culties of accuracyand parameteri-
zation involved in implementing the HT by using it only to initialize the EM algorithm and
to generatea strong prior on the vanishing point estimates.
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The HT parameterspaceis �

2 (i.e. the spaceof all 3-D line directions), and constraints
take the form

f (x i ; v j ) = x i � v j = 0 (15)

where here the x i are the polar (dual) directions of the input lines. The whole of �

2 is
discretized using a cubic parameterization, as in [43]. Geometrically, each constraint f (�)
represents a plane through the focal point with normal x i ; intersection of this plane with
three facesof the unit cube results in a set of at most three lines,which are easilydiscretized
using standard line clipping and drawing algorithms.

When all data has beenaccumulated, peaksin the accumulation space,which represent
likely vanishingpoints directions,are identi�ed. The number of statistically signi�cant peaks
is usedas the number of mixture components J , and the peak directions (i.e. the vectors
from the center of the cube through each peak) are usedto initialize the EM algorithm.

Peakdirectionsalsoserve asprior densitiesp(v j ), each of which is formulated asa bipolar
Bingham density (� 1 � � 2 � 0) whosemodal axis is aligned with the peak direction. The
parametermatrix M 0

j for the prior density can be determinedby forming a scatter matrix
from accumulation valuesin a region around the peak.

3.3 Registering Adjacen t No de Pairs

The relative rotation bringing a given pair of camerasinto registration canbe determinedby
aligning two or moredistinct vanishingpoints viewed by both cameras.Thus, oncevanishing
points have beenestimated for each node, relative orientations can be found for each node
adjacency.

This section�rst reviewsthe classical,deterministic formulation for two-cameraregistra-
tion (Section 3.3.1), then introducestwo novel extensions. Section3.3.2 describesa model
for uncertainty in the resulting rotations asthe fusion of deterministic samplesfrom a Bing-
ham distribution on �

3, and proceedsby consideringhow uncertainty in the vanishingpoints
themselvesa�ects the distribution of the resulting rotation.

The estimation methods assumethat correspondencebetweenvanishingpoints in di�er-
ent camerasis known, which is generallynot the case.Sections3.3.3and 3.3.4addressthe
correspondenceproblem for the two-cameracase,and ambiguities that arise in practice.

3.3.1 Deterministic Pair Registration

Consider two camerasA and B, each of which views a commonset of J vanishing points.
Let vA

j and vB
j denotethe directions of a particular line direction d j asseenby each camera,

and further assumethat cameraB is free to rotate while cameraA is held �xed. We wish
to estimate a single rotation in the form of a quaternion q which, when applied to camera
B and its vanishing points, producesthe best alignment betweenthe v A

j and the vB
j . Note

that a single common VP does not uniquely determine the rotation relating the cameras;
two distinct VPs are neededfor uniqueness(i.e. we require that J � 2).
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This problemhasbeenstudied in variouscontexts. The most relevant derivesthe optimal
q as part of a more general3-D to 3-D correspondenceproblem [21]. The objective is to
determine

argmin�

JX

j =1

kvA
j � R (q)vB

j k2 (16)

= argmin�

"

q>
JX

j =1

A >
j A j q

#

(17)

= argmin� q> Aq (18)

i.e. the q that minimizesa quadratic error function. Each 4� 4 matrix A j is constructedas
a linear function of its constituent vanishingpoints v A

j and vB
j . The solution to Eqn. (18) is

the eigenvector corresponding to the minimum eigenvalue of the symmetric 4 � 4 matrix A .
This method producesoptimal results using the error metric in Eqn. (16) but, aside

from the scalarerror residual, producesno notion of uncertainty in the result q; nor doesit
treat uncertainty in the measurements themselves. The next sectionaddressestheseissues
in more detail, proposingmethods for obtaining descriptive error measureson the estimated
rotations by incorporation of uncertainty in the underlying data.

3.3.2 Sto chastic Pair Registration

Recall from Section2.3 that rotational uncertainty can be described asa Bingham distribu-
tion on �

3 characterizedby a 4 � 4 matrix of parametersM � . The matrix A obtained in
Eqn. (18), when properly normalized,is analogousto a samplesecondmoment matrix: it is
symmetric and positive semide�nite, and its eigenvaluessum to unity. A is composedof a
sum of J matrices A >

j A j that also possesstheseproperties. Each of theseconstituent ma-
trices can be viewed asthe squaredcontribution of a \sample" qj formed from an individual
vanishing point correspondence.Thus, a parametermatrix M � for the distribution on the
resulting quaternion q can be obtained directly from A using the ML method mentioned in
Section2.3.

This method can be usedonly for data sets that give each measurement equal weight.
Extensionto scalar-weighted data is straightforward, involving a weighted sumof constituent
samplematricesnormalizedby the total weight. In the generalcase,however, wherevanish-
ing points are described by Bingham-distributed uncertainty, the Bingham distribution on

�

3 induced by each correspondencemust be computed.
Every matrix A j is a function of the vanishing point directions in its constituent corre-

spondence.Thus, the parametersof the Bingham distribution associated with A j can also
be expressedas a function of thesedirections. Given particular samplevaluesof vanishing
point distributions vA

j and vB
j , de�ne M (vA

j ; vB
j ) as the parameter matrix of the associ-

ated distribution. The contribution of correspondencej can then be obtained by Bayesian
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integration over all possiblesamplevaluesof the two constituent vanishingpoints:

p(qj ) =
Z

� 2

Z

� 2
p(qj jv

A
j ; vB

j )p(vA
j )p(vB

j )dvA
j dvB

j

=
Z

� 2

Z

� 2
B4(qj ; M (vA

j ; vB
j ))B3(vA

j ; M A )B3(vB
j ; M B)dvA

j dvB
j : (19)

This quantit y can be approximated by a Bingham distribution on �

3 with parametermatrix
M j . Oncedistributions havebeendeterminedfor each correspondenceqj , the �nal aggregate
distribution is described simply by the parameters

M � =
JX

j =1

M j : (20)

3.3.3 Matc hing VPs Across a No de Pair

The registration methodsabove assumethat one-to-onecorrespondencehasbeenestablished
between vanishing points detected in a given pair of images. Determination of correspon-
denceis generallya di�cult task without additional information; however, if the two relevant
camerasview a signi�cant portion of commonscenegeometry, then the assumptionof ap-
proximately known initial poseis typically su�cien t to establishconsistent correspondence.
This section presents a few heuristic methods to determine local (i.e. two-camera)corre-
spondenceusedto initialize the global technique described in Section3.4.3.

If two camerasview overlappingscenegeometry, then the setsof vanishingpoints detected
in each camera are likely to contain common members. In this caseit is assumedthat
camerasA and B have in commona set of vanishing points related by a single rotation q
which preservesthe relative (intra-camera) anglesbetweenthem.

Sincea minimum of two correspondencesis neededto �nd a unique rotation relating the
two cameras,relative anglesbetweenpairs of vanishing points in each cameracan be used
as a matching criterion. For example, if the angle betweenv A

1 and vA
2 di�ers signi�cantly

from that betweenvB
1 and vB

2 , then thesetwo pairs (which constitute a pair couplet) cannot
possibly match. Thus, only those pair couplets are consideredwhoserelative anglesare
within a small threshold of each other. Angular thresholds are related to the Bingham
parametersof the respective vanishingpoint distributions; highly concentrated distributions
thus have tighter thresholdsthan do distributions with morespread. It shouldalsobe noted
that, sincevanishing points are axial, there are two supplementary anglesto consider; the
minimum of the two is always chosenfor anglecomparison(Fig. 9a).

A set of scoresS = f s1; : : : ; skg is computed, one for each pair couplet meeting the
relative angle criterion above as follows. First, the pair from cameraB is rotated to the
pair from cameraA by q using the deterministic pair registration technique from Section
3.3.1; the direction of a given vanishing point is taken as the major axis of its associated
Bingham distribution. The angleof rotation � i required to align the two pairs is noted, and
the remaining vanishing points from cameraB are then rotated by q and comparedwith
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each vanishingpoint from cameraA . The total number N i of vanishingpoints that align to
counterparts in cameraA within a threshold angle,including the original pair, is alsonoted.

VP
Pair

VP
Pair

Pair
Couplet

VP
Pair

Correct
Angle

Incorrect
Angle

(a) (b)

Figure 9: Pair Couplets
(a) There are two possiblechoiceswhen comparing relative anglesin axial quantities. By convention,the
smallerof the two is chosen.(b) A matchingpair couplet is depicted. Relativeanglesbetweenthe pairsare
identical despitethe fact that the camerasare not rotationally aligned.

Each scoreis then computed as si = N i =� i . This scoreemphasizescorrespondencesets
containing many matches, while preservingthe assumption that the relative rotations are
already known to reasonableaccuracy. The correspondenceset with the highest scoreis
chosenas the \correct" set, for later usein global rotational alignment (Section3.4.3).

Let J represent the number of vanishingpoints viewedby each camera.Then enumeration
of all possiblevanishingpoint pairs per camerais O(J 2), and enumeration of all possiblepair
couplets is O(J 4). Computation of correspondencesets for each couplet is O(J 2), raising
the overall work required to O(J 6). The order of this rather brute-force technique is high,
but in practice the value of J is small|t ypically lessthan 6.

3.3.4 Corresp ondence Am biguities

Rotation as presented in Section 3.3 requires correspondencebetween signed directions,
but vanishing points are axial (i.e. undirected) quantities. In truth, for each pair couplet
meeting the relative angle criterion, two di�erent rotations (and associated scores)must
be computed, one for each combination of sign that maintains relative angle consistency
(Fig. 10). Evaluation otherwiseproceedsas described above.

Other ambiguities canalsoarisethat arenot soeasilyresolved, especially in urban scenes
consistingof mutually orthogonallines(Fig. 11). Sincerelativeanglesbetweenmultiple pairs
of vanishing points can be identical within a single image,there may exist several plausible
match con�gurations. The matching algorithm must thus rely on prior knowledge,such as
the fact that sinceapproximate poseis known, the rotational discrepancybetweenany two
camerasshouldbe relatively small; solutions implying large rotation are unlikely (hencethe
scorecriteria in Section3.3.3). Another assumptionis that nearly all urban scenescontain
vertical lines, sothe vanishingpoint directionsclosestto \up" in each imagecanbe assumed
to match, thus constraining correspondencesetsand reducingcomputation to O(J 4).

If there is signi�cant error in initial rotational poseand if correspondenceambiguities
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Camera A
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Figure 10: Two Solutions
Thereare two optimal rotations, dif-

fering by 180� , that align axial (i.e.,
antipodal) features.

Figure 11: Vanishing Point Correspondence Ambiguit y
An exampleof ambiguitiesthat can arise in symmetriccon-

�gurations. Without additional information, there is no way to
di�erentiate betweenmatch candidates.

exist, the matching algorithm can fail, �nding a plausible but incorrect match assignment.
In our data, initial cameraposeis su�cien tly accurateto avoid this problem.

3.4 Registering Clusters of Multiple No des

The above treatment of rotational registration is de�cient in two main respects. First, it
determinesexplicit or \hard" correspondenceamongvanishingpoints rather than stochastic
correspondence;and second,it considersonly two camerasat a time. This sectionpresents
a multi-camera extensionfor rotational registration which addressesthe above concernsand
producesa globally optimal set of cameraorientations along with their associated uncer-
tainty.

Final
OrientationsOptimal

Rotation

Optimal
Rotation

Estimation
(M-Step)

Estimation
(M-Step)

Clustering
(E-Step)

Clustering
(E-Step)

Vanishing
Points

Probabilistic Correspondence

Orientations

Scene Directions

Initial
Pose

Figure 12: Global Orientation Recovery
Vanishingpoints are aligned with one another to determinecameraorientations. A two-level feedback
hierarchy is used: the top level estimatesrotations and scene-relativeline directions in alternation; the
bottom level(outlined) classi�esVPs, estimatesline directions,and providesfeedback.

It may seemat �rst that the two-cameramethod can be directly extended to handle
multiple camerasin a sequential fashion. This type of sequential approach is often used
when data consistsof imagestreams,such asvideo [18]; imagesare locally registereda pair
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or triple at a time asthe streamprogresses.Such purely local methods invariably propagate
and accumulate error, however, sinceposeestimatesfrom early imagesfeedregistration of
subsequent images.To minimize this e�ect and distribute error equally amongall cameras,
posemust be recoveredby simultaneously consideringall available data.

As is typical in 3-D vision problems, pose recovery consistsof the two coupled sub-
problemsof correspondenceand registration. In this context, given a grouping of vanishing
points into sets,whereeach set represents observations of a true scene-relative line direction,
estimation of relative rotations becomessimpler; and, conversely, given a set of accurate
cameraorientations, determination of correspondenceis simpli�ed. Thesefacts, at a high
level, suggestan iterativ e bundle-adjustment schemethat alternately estimatesorientations
given correspondence,then establishescorrespondencegiven orientations.

The basic idea is shown in Fig. 12. Rotations and correspondenceare initially produced
by exhaustive search (Section 3.4.3). Global (scene-relative) line directions are estimated
basedon vanishing point clusters; each camera is then rotated until its vanishing points
optimally align with theseglobal directions, and the processrepeats. There are two levels
of feedback in the process,one at the high level of rotational bundle adjustment and the
other in the estimation of global line directions, which alternates betweendetermination of
probabilistic correspondenceand estimation of directional distributions.

3.4.1 EM for Multi-Camera Registration

This alternation betweenclassi�cation and estimation suggestsapplication of an EM algo-
rithm, which would also circumvent the need for explicit correspondenceand provide an
adequateprobabilistic estimation framework. At its core, the problem is to determine the
probability distributions of a set of rotations in the form of quaternions,Q = f q1; : : : ; qM g,
basedsolely on a data set V = fV 1; : : : ; VM g, where Vi is the set of vanishing points v i

j

detectedin imagei . Probabilistically, this can be written as

argmaxQ [p(QjV)]: (21)

However, the rotations depend on scene-relative line directions D, as well as correspon-
denceC betweenthesedirections and the vanishing points in each individual image. Using
Bayes' rule, the likelihood to be maximizedcan thus be rewritten as

p(QjV) =
Z

D
p(QjD ; V)p(DjV)dD

=
Z

D

X

C

p(QjC; D; V)p(CjD ; V)p(DjV)dD: (22)

Note that a sum is taken over C rather than an integral, becausethe set of correspondence
con�gurations is discrete. The quantit y p(DjV) represents the prior distribution on global
line directions given only the vanishing point data, and is taken to be uniform, since in
the absenceof rotational pose, nothing is known about this distribution. The quantit y
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p(CjD ; V) is the prior distribution on correspondencegiven only global line directions and
vanishing points (not rotations). This distribution can be approximated from the pair-wise
correspondencesestablishedin Section3.3.3.

The high-level EM algorithm alternatesbetweentwo steps: �rst, computethe likelihoods
p(C; DjQ; V); next, maximize the expression

Z

D

X

C

p(C; DjQ; V) logp(QjC; D; V)dD (23)

The likelihoodscomputedin the E-stepthusserveasweights on the conditional log-likelihood
to be maximized in the M-step. Conditioned on line directions and correspondence,the
quaternionsare independent of oneanother becausevanishingpoints in each cameracan be
rotated in isolation to optimally align with the global line directions. Thus,

logp(QjC; D; V) = log
MY

i =1

p(qi jC; D; V)

=
MX

i =1

logp(qi jC; D; V) (24)

and each quaternion can be estimated independently. Maximization proceedsas described
in Section3.3.2,with the Bingham distribution of orientation qi speci�ed by the parameter
matrix M

�

i , which represents the weighted sum of correspondencematrices of the form in
Eqn. (20).

3.4.2 EM for Multi-Camera Corresp ondence

The above formulation solves the M-step of the bundle adjustment, but the E-step still
remains|the likelihoods p(C; DjQ; V) must be computed. Intuitiv ely, theselikelihoods rep-
resent distributions on correspondenceC and scene-relative line directions D given the cur-
rent set of orientation estimatesQ. C and D are coupled, however; knowledgeof the line
directions in
uences the groupings,and vice versa.

Let ~v i
j represent vanishing point j in image i after rotation by qi ; the set of all such

directions serves as the pool of data to be grouped. Further, let dk represent a particular
scene-relative 3-D line direction. The problem then becomesto simultaneouslyestimate the
dk and classifythe ~v i

j .
This formulation is identical to the vanishingpoint estimation problem posedin Section

3.2. The collective data set ~V is drawn from a weighted mixture of Bingham distributions of
dk ; the only di�erence is that the underlying samplesarenow bipolar rather than equatorial.
Application of the lower-level EM algorithm results in a set of parametersdescribingthe line
direction distributions, as well as a probabilistic assignment of individual vanishing points
to each global line direction. After convergence,theseresults are fed back into the M-step
of Section3.4.1.
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3.4.3 Initializating Multi-Camera Registration

As mentioned previously, expectation maximization algorithms aree�ective only whenprop-
erly initialized. The number of mixtures (in this caseJ , the number of 3-D line directions)
must be known, and the algorithm must begin with a reasonableset of initial values (ro-
tations and correspondence). If possible,prior distributions should also be supplied. This
section outlines an algorithm that provides adequateinitialization for the EM techniques
described above.

Cameraadjacencyis supplied with the input, asa graph whoseverticesrepresent image
nodes, and whoseedgesindicate proximal camerapairs. The two-cameracorrespondence
technique of Section3.3.3is then applied to each pair (i.e., to each graph edge),and unique
vanishing point matchesare extracted. A list of global line directions is constructed, each
containing a set of referencesto its constituent vanishingpoints. The algorithm proceedsas
follows:

Clear list of global line directions
For each camerapair in adjacencygraph

Apply two-cameraVP correspondence
For each VP pair matched

If neither VP exists in any global line direction then
Create new global line direction and add to list
Link both constituent VPs to this new direction

Else if oneVP exists then
Find its global line direction
Link other VP to this direction

Else if both VPs exist then
If associated with di�erent global line directions then

Merge two global line directions into one

This algorithm producesa list of vanishing point sets, each of which represents obser-
vations of a single scene-relative 3-D line direction. Thesesets are the components of the
mixture model in Section 3.4.2, and correspondenceweights can be initialized to binary
valuesaccordingto the grouping producedabove. Any cameranot having at least two van-
ishing point entries in the list of line directions is taggedas unalignable, sinceat least two
correspondencesare neededfor unique rotational registration. In practice, only about 5% of
the nodesin a given con�guration observe insu�cien t vanishing points for alignment.

3.4.4 Merging and Separating Clusters

As the EM algorithm proceeds,separatevanishing point clusters that truly represent the
same3-D direction, or single clusters that represent multiple directions, may arise. The
latter misclassi�cationscan result from distinct 3-D lines having nearly identical directions

20



that are fuseddue to noisy observations; the former usually results from the graph traversal
described in the previoussection.

After each rotation step of the EM algorithm, all pairs of cluster distributions are com-
pared, and if two su�cien tly overlap (e.g. with 95%probability) they are mergedinto one,
decrementing J by one. Similarly, clusterscontaining vanishingpoints signi�cantly di�erent
from their respective modal directions are split, incrementing J by one.

3.5 Limitations

The algorithm hasseveral limitations. It requiresuseableline featuresfrom a feature detec-
tor. The algorithm's assumptionthat nearby nodesare likely to have observed overlapping
scenestructure may be faulty, for examplewhen two nodesare on opposite sidesof a thin
building. Very poor initial position estimatesmay causethe overlap assumptionto fail, since
nodesclassi�ed as \adjacent" may have in fact beenacquired far apart. Due to curvature
of the Earth's surface,the scope of orientation estimation is inherently limited to relatively
small geographicareas(areas spanning more than about ten kilometers will have a local
vertical that variesby more than 0:1� , our current implementation's error 
o or).

3.6 Asymptotic Performance

This section characterizesthe running time of the above algorithms as a function of the
number of input imagesand input features. All methods scale linearly with the number
of camerasand the number of 2-D line features, and incorporate all available data to au-
tomatically and robustly produce globally optimal orientations. Uncertainty in image line
featuresand vanishingpoints, and in the orientations themselves,are carefully modeledand
estimatedusing projective inferencemethods.

4 Exp erimen ts

We implemented the registration algorithm in roughly 5,000linesof c++ code. This section
assessesthe algorithm's end-to-end performanceusing several objective metrics, on both
synthetic and real data. We usenotions of self-consistency(e.g., from [26]) and a variety of
application-speci�c consistencymeasures.

4.1 Synthetic Data

We evaluated the localization of singlevanishing points (3.2) by generatingsetsof parallel,
ideal 3-D lines, then projecting them onto the unit sphere. The projections were then
perturbed at speci�ed noise levels. We also generateda controlled percentage of random
outlier lines, uniformly distributed on the sphere.Finally, we varied the number of distinct
3-D directions (denotedby J in the notation of 3).
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The Hough transform method for EM initialization was applied to 50 data sets, each
containing a mixture of 500 points and outliers. The percentage of true peaksdetected,as
well as the angular deviation of the peaksfrom the true 3-D line directions, were examined
as a function of measurement noise,outlier percentage, and J (Fig. 13). Cells were sizedso
that the maximum angular coveragewas 1� , and a window sizeof 5 cells (roughly 5� ) was
usedfor peak detection.
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Figure 13: Percentage of Vanishing Points Detected
The percentageof true vanishingpoints detectedas a function of point projection error (x axis), number
of true line directions,(J = 3; 6; 10), and percentageof outlier features(zero, 20, 50, and 80 percent from
upper left).

Successfullydetectedvanishing points were consistently within about 1� of the true di-
rections. A small number of falsepeakswere identi�ed (about 2%), but only when feature
noiseexceededseveral degrees.Performanceof the expectation maximization algorithm (as
initialized by the Houghtransform) wasalsoassessed,varying the sameparametersasabove.
Angular deviations of the estimatesfrom the true directions are shown in Fig. 14.

Vanishingpoint estimation hasprovento bequite robust. The Houghtransform andpeak
detection methods provide soundinitial estimates,with performancedegradationoccurring
only at very high levels of feature noise; for moderate feature noise, all correct vanishing
points are detectedeven with an outlier-to-data ratio of 4:1. Initialization and prior distri-
butions provided by the Hough transform make the EM algorithm robust against outliers.
Performancedegradesasthe number of contributing vanishingpoints increases,becausefea-
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Figure 14: EM Vanishing Point Error
Averageerror in vanishingpoints estimatedby the EM algorithm are plotted as a function of line feature
noisewith 50% outliers (left) and outlier percentagewith 1� featurenoise(right).

tures tend to crowd the closedprojective spaceand vanishingpoint clusters\in terfere" with
one another. However, sincethere are only two to six prominent line directions in typical
real-world data (e.g. urban scenes),interferencee�ects are negligible in practice.

4.1.1 Tw o-Camera Rotational Pose

To assessthe two-camerarotation method, a set of 4 randomly generated3-D line directions
wasviewed by two camerasand perturbed by controllable noise. Outlier directionswerealso
added to each camera,and the stochastic two-cameraregistration method described in 3.3
was applied to 50 such data sets.
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Figure 15: Comparison of Two-Camera Rotation Metho ds
The stochastic two-camerarotational registration technique is compared with the classicaldeterministic
techniquewith 4 vanishingpoints. The plots show relativeposeerror asa function of vanishingpoint noise
with 0, 1, and 2 outlier directionsintroduced. Behavior of the stochasticmethod exhibitsmore stability and
consistency.

Incorporation of stochastic correspondenceand vanishing point uncertainty improves
rotational registration. Side-by-side comparisonof deterministic and stochastic registration
methods in Fig. 15 shows the novel method to be more stable and consistent than the
deterministic rotation technique of 3.3.1,and to producemore accurateestimates.
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4.1.2 Multi-Camera Orien tation

End-to-end rotational poserecovery wasexaminedby generatingparallel 3-D lines and out-
liersasabove,andprojecting this geometryonto randomly situated cameraswith controllable
poseperturbations. As long ascorrespondencewasunambiguous(3.3.4), correctorientations
were recovered for arbitrary initial rotational error, even up to 180� . Fig. 16 shows error in
orientation estimates.
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Figure 16: Multi-Camera Orientation Performance
Averageorientation error (left) as a function of vanishingpoint noise for 10 camerasviewing varying

numbersof 3-D line directions. Orientation error (right) plotted as a function of the number of camerasin
the con�guration with varying degreesof noisein 4 vanishingpoints.

As expected, accuracyof multi-camera rotational alignment increases(though slightly)
with the number of vanishing points, since estimatesgenerally improve with more obser-
vations. It is unclear why estimation error does not decreasemore quickly as the number
of camerasincreases;one would expect that more observations of a singleentit y (namely a
given 3-D line direction) should increasethe certainty with which that entit y is estimated,
and consequently the accuracyof rotational estimates.

4.2 Real Data

We applied the registration algorithm to several outdoor data sets. Although it is di�-
cult to quantify accuracywhen no metric ground truth is available, we formulated several
quantitativ e consistencymetrics. For each data set, we report thesequantities:

� Data Size and Extent. We report the dimensionsof the acquisition areain meters,
the average inter-node baseline (i.e., the average distance between a node and its
neighbors), the total number of images(\Images"), the total and averagenumber of
line features(\Lines"), the number of omni-directional images(\No des"), the number
of adjacent camerapairs (\P airs"), and the number of detectedVPs (\VPs").

� Computation Time. Wereport averageand total running times for each stageof the
algorithm, excluding�le I/O, on a 250MHz SGI Octanewith 1:5 gigabytes of memory.
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\VP Hough" reports time to initialize the HT data structure by scan-converting the
dual of each line feature. \VP EM" reports time to detectVPs in each node. \Rotation
EM" reports time to register VPs acrosspairs, and acrossthe dataset.

� Rotational O�sets. Averageand maximum deviations from the initial orientations
are reported as\Rot O�set". Thesequantities characterizeboth the error in the initial
pose,and the degreeof robustnessexhibited by our registration method.

� Consistency Me asur es. We report averageand maximum probability density pa-
rametersof vanishing points and global orientations at 95% con�dence bounds (\VP
Bound" and \Rot Bound" respectively). When two VPS arisefrom sceneVPS thought
to beorthogonal,wereport the discrepancybetweenthe anglethey form and 90degrees
as \VP Ortho Error."

4.2.1 Tech Square Data, and Man ual Bundle-Adjustmen t

The \T ech Square" dataset consistsof 81 nodes spanning an area of roughly 285 by 375
meters. The averageinter-node baselinewas 30:88 meters.

Figure 17: TechSquare Node Con�guration
A top-down map view of the node con�guration and adjacenciesfor the TechSquare data set. The average
neighbor baselinewas30:88 meters.

Of the 81nodesin the set,75,or roughly 92%,weresuccessfullyregistered;6 of the nodes
were not re�ned, due to insu�cien t vanishing point information. Our algorithm corrected
initial orientation errors of over 17� . It recoveredglobal orientation consistent on averageto
within 0:072� . The maximum rotation error reported was 0:098� , or roughly two pixels at
our imageresolution.

We also comparedthe orientations reported by the algorithm to those produced by a
manual, 6-DOF bundle-adjustment process[13]. Interactive inspection of VPs in the man-
ually registereddataset reveal that it does not represent ideal ground truth. Becausethe
number of nodesand adjacencieswere so large, the student operators of the bundle adjust-
ment processnaturally speci�ed as few constraints as possibleto allow convergenceof the
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Data Per Per
Type Image Node Total

Images | 48 3899
Line

Features 218 10,516 851,819
Nodes | | 81

Node Ad-
jacencies | | 189

VPs 0.69 3.6 9

Per
Stage Node Total

VP .
Hough 0.19 s 0 m 15 s

VP .
EM 6.68 s 7 m 54 s

Rotation .
EM | 0 m 46 s

Total 6.87 s 8 m 55 s

Measure Avg Max

Rot . .
O�set 1.53� 17.18�

VP . .
Bound 0.18� 0.80�

Rot . .
Bound 0.072� 0.098�

VP Ortho . .
Error 0.056� 0.09�

Table 1: Tech Square Data; Computation Times by Stage; Consistency Measures

underlying optimization. This producedunstable constraint sets,and a rather poor global
poseassignment overall in the manual case.

4.2.2 Robustness Against Noisy Initial Pose

We studied the algorithm's robustnessagainstnoisy initial poseby applying it to the \Green
Building" dataset, a set of thirt y nodes with rotations and translation accurate only to
roughly seven degreesand ten meters. The nodes spannedan area of roughly 80 by 115
meters,with an averageinter-node baselineof 15:61 meters.

Figure 18: GreenBuilding Node Con�guration
A top-down mapviewof the nodecon�guration andadjacenciesfor the GreenBuildingdata set. The average
neighbor baselinewas15:61 meters.

With initial rotation error of 6:83� , our algorithm successfullyregisteredall nodes, re-
covering orientations consistent on averageto within 0:067� , and in the worst caseto within
0:12� , again about two pixels.

4.2.3 An Extended Acquisition Region

The AmesCourt data set includes100nodes,and spansan areaof 315by 380meters,with
an averageinter-node baselineof 23:53 meters. This data set represents a larger portion of
geography and a larger number of camerasites. Our algorithm registered95%successfully.
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Data Per Per
Type Image Node Total

Images | 23 695
Line

Features 237 5,498 164,945
Nodes | | 30

Node Ad-
jacencies | | 80

VPs 0.35 3.3 5

Per
Stage Node Total

VP .
Hough 0.11 s 0 03 m

VP .
EM 2.93 s 1 28 m

Rotation .
EM | 0 18 m

Total 3.04 s 1 49 m

Measure Avg Max

Rot . .
O�set 2.95� 6.83�

VP . .
Bound 0.092� 0.52�

Rot . .
Bound 0.067� 0.12�

VP Ortho . .
Error 0.047� 0.11�

Table 2: Green Building Data; Computation Times by Stage; Consistency Measures

Figure 19: AmesCourt Node Con�guration
A top-down map view of the node con�guration and adjacenciesfor the AmesCourtdata set. The average
neighbor baselinewas23:53 meters.

Initial posewas correctedby 5:59� , achieving averageconsistencyof 0:095� . Errors did
not exceed0:21� .

Per Per
Image Node Total

Images | 20 2,000
Line

Features 228 4,562 456,246
Nodes | | 100

Node Ad-
jacencies | | 232

VPs 0.43 3.2 8

Per
Stage Node Total

VP .
Hough 0.09 s 10 s

VP .
EM 2.55 s 4 m 22 s

Rotation
EM | 33 s

Total 2.64 s 5 m 05 s

Measure Avg Max

Rot . .
O�set 2.83� 5.59�

VP . .
Bound 0.23� 0.74�

Rot . .
Bound 0.095� 0.21�

VP Ortho . .
Error 0.043� 0.09�

Table 3: Ames Court Data; Computation Times by Stage; Consistency Measures
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4.2.4 Estimation Accuracy vs. Field of View

We studied the e�ect of increasing �eld of view on the robustnessand accuracy of VP
localization, for a �xed sensorresolution. We found that both robustnessand accuracywere
strongly dependent on �eld of view. We varied the e�ective �eld of view by varying the
number of constituent imagesusedfrom the mosaic'sunderlying hemisphericaltiling.

1 Image 10 Images

20 Images 40 Images

Figure 20: Hough Transform Peak Coherence
Illustrationsof the dependenceof Houghtransform peakcoherenceon �eld of view for nodescontaining47
images.Peaksare shown for a vanishingpoint for increasingnumbersof imagesin the hemisphericaltiling.

We selecteda particular vanishing point from a single node, and applied the Hough
transform estimation process.The resulting HT valuesare plotted in Fig. 20. As expected,
the more imagesincluded (i.e., the wider the FOV), the more accurate the VP estimation
became,and the more VPs were visible.

5 Low-Lev el Error Sources

The algorithm described in this paper operatesas one of a seriesof automated processing
stagesforming part of a large-scalesystem for outdoor model capture capability. Other
systemstagesunavoidably contribute error. Sometypesof error (e.g.,featuredetectionerror)
canbeovercomein part by data fusion. Other types(e.g., in intrinsic cameracalibration and
imageformation) seemlessavoidable. Our sensorhas a resolution of roughly 1 milliradian
(mrad), or 0:05� , per pixel. The radial distortion correction, mosaic, and pinhole model
calibration processesare each accurate to roughly one half or one pixel. Line featuresare
detectedto roughly half a pixel of accuracy. Thereforethe overall error in projective feature
localizationcanbeestimatedat about two pixels. Thusit appearsthat our global registration
algorithm attains accuracy within a small constant factor (one to three) of the low-level
systemnoise.

6 Related Work

There is a great dealof literature concerningthe estimation of vanishingpoints and their use
in recovering inter-camerarotations or more generalegomotion. Herewe limit our review to
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methods which make explicit useof vanishingpoints, which recover only rotations, or which
treat uncertainty of detectedfeaturesor derived orientations. Our companionpaper reviews
previouswork on the full 6-DOF cameraregistration problem.

6.1 Use of Vanishing Poin ts

Someinteractive systemsusevanishingpoints for orientation recovery [40,5, 15,38]. In some
casesthe usercan alsospecify constraints which must be met, for examplethat a particular
pair of VPs must be orthogonal. In thesesystems,a human operator must perform the VP
detection and classi�cation tasks by indicating matching lines or higher-order features in
multiple images.The drawback, of course,is that manual interaction becomescumbersome
and eventually infeasibleas the problem sizegrows. Moreover, sincehumans make errors,
and generallydo as little work as they have to, the constraint setsproducedby interactive
systemsare often unstable.

Researchershave proposedalgorithmic (i.e., non-interactive) methods for matching VPs
acrossmultiple images. Shigang usesVPs for egomotion recovery [36], but the method
assumesthree mutually orthogonal line directions. Leung describes a graph algorithm for
matching VPs acrossmultiple images[27], but reports resultsonly for imagepairs, and does
not treat uncertainty.

6.2 Discrete vs. Con tin uous Metho ds

The majorit y of VP estimation techniques rely exclusively on the Hough transform (e.g.,
[29, 37]). However, the accuracy of Hough transform techniques is inherently limited by
discretization artifacts, and uncertainty in the estimatesis di�cult to characterize[12].

Other researchers have pursuedcontinuous spaceapproaches. For example,VPs can be
localizedby intersectingall pairs of lines in the imageplaneand searching for high-incidence
regions[32, 28]. Theseapproaches su�er from instabilit y and degeneracieswhen lines are
nearly parallel in the imageplane. Formulating the intersectionon the sphereaddressesthis
problem [30]. However, the approach proposedin [30]expendsquadratic time in the number
of line features. Clustering nearby line intersections,for exampleby deterministic k-means
algorithms, works well when the number of outliers is small, but is not robust to noise.

Collins [11] proposesan elegant use of the HT for reliable detection and clustering,
followed by a morecareful projective inferenceapproach for accurateestimation of each VP.
His overall clustering approach is deterministic, however, and usesa hard threshold to reject
outliers, biasing the resulting estimates. Moreover, although his approach is formulated on
the sphere,it is demonstratedonly for narrow-FOV planar images.

6.3 Geometric Uncertain ty

Sincephysical sensorsare noisy, modeling uncertainty is crucial in real-world applications.
Sophisticatednoise-handlingproceduresexist for many least-squares[20] and computer vi-
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sion problems[39, 1, 31]. Nearly all of theseformulations assumeadditive Gaussiannoise,
arguably the most convenient error model. This model may not be appropriate for all rep-
resentations; for example,when it is usedfor recovery of the covarianceof the fundamental
matrix [14] and [45], its physical meaning(i.e., its units) is unclear.

Uncertainty in image features is often treated in the Euclidean image plane, which is
poorly suited to projective features. Someinvestigatorshave usedaxial probability distribu-
tions on the sphereto represent measurement error and perform inference[12]. Others have
useda hybrid of projective and Euclidean distributions to model 6-DOF poseuncertainty
[33].

Kanatani [24] and Antone [3] proposescalar weights that value VP correspondencesby
the certainty of their constituent VP pairs, but this weighting schemeallows only a limited
description of randomnessin the underlying observations. Chang [10] and Prentice [34]
present errors-in-variablesmodelsfor so-calledspherical regression, but consideronly extreme
casesin which data points have tightly concentrated symmetric bipolar distributions.

Thereareseveral signi�cant di�erencesbetweenour formulation andpreviousapproaches.
First, all vanishing points are estimated simultaneously as a mixture of distributions with
soft classi�cation rather than oneat a time by hard classi�cation. The mixture model reduces
biasandother artifacts causedby somewhatarbitrary thresholding. Second,vanishingpoints
are estimated as equatorial probability distributions rather than as deterministic bipolar
vectors that maximize a likelihood function. Finally, the data fusion technique usesthe full
descriptionof uncertainty in each measurement, asopposedto scalarweighting by line length
or other heuristic criteria.

Regardlessof method, no tracking or registration technique hasbeenpreviously demon-
strated that, given outdoor terrestrial imagery, canregistera collectionof camerasextending
all the way around even a singlebuilding. Thus there is a signi�cant gapbetweenthe sophis-
ticated techniques reviewed above, and the fundamental \end-to-end" cameraregistration
capability.

7 Conclusions

The algorithm described in this paper builds on a number of existing ideas, including: the
use of gradient-based (line) features for robustnessagainst lighting variations and strong
perspective; decouplingthe 6-DOF poseestimation problem into two pure 3-DOF problems;
and probabilistic inferencetechniqueson the sphere.

7.1 Con tributions

This paper makes several contributions to the classof techniques for recovering the rigid
orientation for large collectionsof cameras.

First, weproposethe useof a priori absoluteposeestimatesand an imageadjacencygraph
derived from sensorobservations. The adjacencygraph, suppliedas input to our algorithm,
enablesit to search for commonstructure only amongimagesknown to be neareach other in
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the input. For a datasetwith roughly constant density (number of imagesper unit volume),
this implies that each imagewill have only a constant number of neighbors on average.Thus
our algorithm expendstotal time which is linear in the number of input images,rather than
quadratic aswith previousmethods. This asymptotic improvement is a signi�cant advantage
asthe number of imagesgrows. As an engineeringadvantage, the useof absoluteinitial pose
estimates enablesimages to be registered to absolute (Earth) coordinates automatically,
without the needfor a human operator to indicate photogrammetric tie points or �ducial
structures in the images.

Second,we show quantitativ e evidencethat wide-FOV (omnidirectional) imagesare fun-
damentally morepowerfulobservationsthan arenarrow-FOV (planar) imagesfor the recovery
of inter-image and global orientations. Intuitiv ely, the useof wide-FOV imagesameliorates
the aperture problem and reducesfundamental motion ambiguities. Experimental evidence
shows that scenevanishing points can be detected more reliably, and estimated more ro-
bustly, with wide-FOV imagesthan with conventional imagery. This is a clear engineering
advantagein practice. Wealsoobserve that usinga sphericalimageacquisitiondevicedecou-
plesthe choiceof acquisition subject from the choiceof reconstructionsubject, by removing
the needto orient the cameraduring acquisition.

Third, we extend classicaldeterministic methods for pair-wise and multi-camera align-
ment to a stochastic framework in which noisy input features, and derived cameraorien-
tations, are treated as projective probability distributions. This approach leads to robust
performance in practice, both by allowing fusion of many noisy observations into a few
accurate ensemble quantities (VPs), and by deferring determinative decisionsuntil global
information, namely the number of VPs, and an absolute orientation estimate and uncer-
tainty for each, is available. Finally, this probababilistic model eschewsthe minimization of
screen-spacequantities in favor of angular error, a more natural measureinherently arising
from the metric structure of the scene.

Fourth, we use the Hough transform only for initialization of an EM algorithm. This
obviates a fundamental problem with classicalHT methods, the choiceof bucket size. In our
approach, the HT is usedonly to determinethe number and approximate location of peaks,
sothe discretebucket can be chosenconservatively large. The ensuingcontinuous-spaceEM
stagethen convergesto accurateestimatesof the derived scenequantities.

Finally, the algorithm described in this paper useslinear time and space resourcesin the
number of input images,rather than quadratically or worseas in many previous methods.
This removesa fundamental barrier to the development of automatedregistration techniques
for very largenumbersof images.In practice, we demonstratedthe algorithm's performance
on datasetscontaining roughly one, two, and four thousand images,complexitieswhich can
not beattained with any other automatedmethod, andwhich would bedi�cult or impossible
in an interactive system.

One perhaps unexpected advantage of working at this scaling regime is that of over-
determination and data fusion to reduce uncertainty; our algorithms registerimagesto within
two pixels of rotational error, on average,outperforming manual bundle-adjustment due to
the human operator's speci�cation of insu�cien t constraints. We emphasizethat the image
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datasetsfor which we report performancewereacquiredoutdoors,over wide baselines,under
uncontrolled and varying lighting conditions,and in the presenceof signi�cant visual clutter.

7.2 Summary

This paper presented a scalablealgorithm which registersthousandsof imagesusinghundreds
of thousandsof noisy line features. The algorithm outperforms manual bundle adjustment
in both speed and accuracy. We emphasizethat the image datasets for which we report
performancewere acquired outdoors, over wide baselines,under uncontrolled and varying
lighting conditions, and in the presenceof signi�cant occlusion and visual clutter. The
datasetsproduced by the algorithm are consistent to within a tenth of a degree,or about
two pixels, acrossacquisition regions spanning hundreds of meters. Consideredtogether,
the algorithms presented here and in the companionpaper [2] represent a new end-to-end
capability for automated, absoluteregistration of terrestrial images.
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