Irigonometry

(Motes by Michael Samra)

[ntroduction

Trigonometric functions were first developed to calculate distance and elevation in fields such as map surveying, navigation, and astronomy.
Crheer 2000 years ago, the Greek mathematician and astronomer Hipparchus used the table of values of trigonometric functions he compiled to
obtain amazingly accurate estimates for the radius of the earth and the distance to the moon.! First, the helght of a mountain was found, and then
the radius of the earth was found by measuring the angle formed by the line to the center of the earth and the line of sight to the horlzon from the
top of the mountain. See the diagrams below.
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For simplicity, suppose the mountaln Is a Ascend a mountaln of known helght h and look
vertical cliff of helght h. Place the Instrument toward the horlzon to measure the angle 8 Then
to measure angles at a known distance d from from tan@ = —, solve forr. The estimate
the mountain and find 8. Then tane= lﬂ‘ or Hipparchis abtatned for r was 3944 miles. The
h=dtan#. actual value of the equatorlal radlus 1s 3953 miles.

He then used the radius of the earth to estimate the distance to the moon:

Suppose the estimate 1s made at a time when the equators of the earth and the moon are lined up. Then Imagine a
line drawn from the center of the moon tangent to the earth's surface. Measure the angle # - 1t 1s the latitude of the
polnt of langency. Then cosé= ] or d= ﬁ: Hipparchus obtatned the value of 238, 000 miles, where the actual

[Mean value 1s 240, 290 miles.



The second major application of triponometry occurred with the development of calculus In the 1Tth
century. At this time, triponometric functions were defined as functions of real numbers using radlan measure to make use of the methods of
calculus. (See the last section of these notes for the definition of radlan measure). The perlodicity displayed by the praphs of the trigonometric
functions were then applied to describe phenomena that exhibit pertodic behavior such as the motion of a pendulum, planetary orbits, sound
waves, and electromagnetic waves.

In a calculus course, however, trigonometric functions are studied for properties they share with other
famtltar functions such as polynomial functions and rational functions rather than for thelr spectal properties or applications.

L 7 . ' =1 at3
PFix)=2x T =45 =27Tx=18 R{:ﬂ:f_—xt
- o

Z50

00

150

" *

Polynomial functions are functlons of the form Rational functions are of the form J—:' where Pix)

PiX) = 3n X"+ 8- ¥ +.. . +3; X + 35, where and CQix) are polynomials.

nis a nonnegative integer, and the a, are real numbers.
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In brief, students should know the values of the trigonometric functions at certaln angles using radian measure instead of degrees fsmiar =

rather than sin 30 " = j],_]. The easlest way to do this Is by using

the unit circle, which Is discussed below. In addition, students should be familiar with the graphs of the trigonometric functions and be able to
solve triponometric equations. Materlal not presented here that 1s used In the second semester are Inverse triponometric functions, and some of
the trigonometric

Identitles.

Definitions

The definition for right triangles :

Trigonometry 1s first learnt using right triangles. Glven an acute angle & In a right triangle,
the definitions for the trigonometric functions appear below:
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Two triangles for which we can eastly find the values for the triponometric functions are
45°—457-907 and 30° — 60" — 90 °. For the first trlangle, draw a triangle with hypotenuse of length 1, label the two equal sides x, and apply

the Pythaporean Theorem:
x+x2=1

2%%=1

x=1.ﬁ=ﬁ
V2 V2 2

X

To obtain a 307 — 60" — 907 triangle, start with an equilateral triangle with sides of length 1, and draw the line from one of the
vertices that bisects the opposlie side. Then consider either of the two 30" — 60" — 90 ° triangles formed that have hypotenuse of

length 1, and one of the legs of length —I , and solve for the other leg that is labeled below as h:
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This provides us with the beginning of a table for the values of trigonometric functions at certaln angles. The values for sec @, csc#d, andcotd
are found by computing the reclprocals of cos 8, sing, and tana.
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Degrees are converted to radlans by multiplying by |_;:| . and to convert from radians to degrees, multiply by I—i:' . For example, 30°. :— =

The definition for any angle 8

In precalculus, the definition 15 extended to any angle. An anple &5 said to be In standard position
If its vertex s at the orlgin and the Initial side s along the positive x-axis. Counterclockwize Is
considered the posttive direction.



Let (x,¥) bea point on the terminal side of an angle & and r [ = 1‘|| e } the distance of (x.¥) to the origin:

|
The definitions are as follows:
{If another paint {x", y') with distance ¢ from
X
cosé@ = -r siné@= Jrl tan@= ir the arlgin 1s chasen along the ray, then the
values af the trigonometric functions are the
same by stmilar triangles; for cos @, for
r r x '
Sacﬂ':'x ESEE:_}{ DEIT.E='Y example,%:f,as:ant@seenby[’e

diagram above).

If vou conslder the acute anple made by the terminal side and the x-axis - In this case the negative
part of the x-axis - the definitions are the same as for a right trianple.

Mote that every triponometric function can be defined using cos @ and sin &

sind 1 o 8
tEmB:—DmI cutE:—mﬂz—sm
1
sec = s = —
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(Remember, for the bottom two, that rather than sine with secant and cosine with cosecant, If's Just the oppostte - s and ¢ go together).

The Pythagorean [dentities follow from the above definition:

sinf @ + cost = | (% + yo=1r2 lmplles[ir‘]2+ {{]2= 1}

tan@ + | = sec? @ (The last two Identttles can be obtatned from the
first by dividing the entire equation by cos® 8 or
1 +cot?@ = cscl@ sin® §).




Other trigonometric identities:

sin2@=2snfcosd
cos28=cost@—sinf@=2coxf - 1=1-2sin 8.

Motation:

Trigonometric functions are written differently than other functions you are familiar with that involve combinations of arithmetic expresslons In
x,suchas f(x)=2x% + 2x— 1. Here you can simply plug in the value for x to find y. The trigonometric functions, instead, are given names like

sinx or cos x. One common mistake s to think, for Instance, that cos 2 x is equal to 2 cos x. However, cos 2 x 1s the composition of f(x) = cosx
with gix) = 2 x, that Is £(2 x), which is different from 2 f(x) = 2 cos x. For example, 1 = 2 n::l:rsg + 008 E~% — cos 2F = 1

K} z

The Unit Circle

The most useful way to remember values of the triponometric functions 1s by using the unit circle. Since r= 1, the definttions for cos  and sin
# reduce to cos #= x and sin# = y. That Is, any polnt (%, v) on the unit circle can be wrltten as (cos#, sing). To emphastze this, cos @ IS the x-

coordinate of the point, and sin 8 1s the y-coordinate of the point on the unit clrele (See the diagram below).

(cos, sing)

If the independent varlable x s used Instead of 8, then (cos X, sin x) represents the coordinates of the point on the unit circle. This can Inttially
be confusing having a function cos x as the x-coordinate.

The definition using the unit circle:

Let (xy) bea point on the unit circle on the terminal side of the angle & Then the definition of the trigonometric functions simplify to the
following:
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The unit circle can be used to display known values of the triponometric functions. 5o far, we have

the following:
Y2 2
T2
W3
{--5— "i_]
(—1.0) 0(=2r).0)
37lco 1)
2
For example, sex:i; = -] = 2. Also from the dlagram we can find values of the triponometric functions at Integer multiples of ‘-; (50 *). Far

example, sin H =—1.

The other angles that need to be filled in are inteper multiples Dfi; (30", i: (45", and i: (60 ™).

These angles are called “reference angles” because the other angles will correspond to potnts on the unit circle that have the same coordinates In
absolute value as one of these. The correct signs of the coordinates are determined according to which quadrant the point is In.

The reference angle of an angle @ is the difference (always taken to be positive) between the terminal side of # and the horizontal axis. For
angles in Quadrants 1T and I1I, this is the difference with the negative part of the x-axis, and for angles in Quadrant IV, it 1s the difference with the
positive x-axis.



Example: Find the angle and coordinates on the unit circle that correspond to the terminal side
labeled A.

The terminal side is in Quadrant I, so the reference angle 1s the difference with the negative

panc:fﬂjex—a}dswlmhyoucanseelsg. 'Theanglelsﬂlemr——’; =3—; —%:2—:. The

y-coordinate Is the same as for i; , but the x-coordinate 1s negative. The point on the unit circle
R ]

i5 therefore (——2 - |

Impartant Exercise: Fill in the unit circle that appears on the last page.

Motlce that if 2 1s added to an angle & or subtracted from an angle 8, the terminal side of the anple
Is the same. Therefore, the value of any of the trigonometric functions 15 unchanged If you add or subtract an integer multiple of 2 to the given
angle 8.

i

Example: Find csc ==

For posttive angles, write the angle as the sum of an even multiple of & and an angle between 0
and 2. Here 6 poes into 25 four times with rematnder 1.

25 1
ESC—EI=CSC[4H+5]_ —::Tzz.

Example: Findsin 22

Here, 3 poes Into 41 twelve times with remainder 5. (We can't use thirteen because it Is not

even).
HJ']_51r11’12;a‘r+ ]_sln _

sin|— -

Example: Find cos (—2)

For negative angles, add an angle that 15 an even multiple of r and is larger in absolute value

i0nx

than the given angle. In this case, —=.

) = cos () = - Y2

cos [_351 10x



Graphs of the Trigonometric Functions

Below are the praphs of the 6 triponometric functions. All have perlod 2 & except for y=tanx

and y = cot x which have period . The graph of a function with period 2 & repeats itself in intervals of 2.

Y = COSX

f = cos X 15 an example of an even function. Even functions satisfy f(—x)= f(x). Graphically, even functlons are symmetric with respect to the y-axis.

¥=slnx

¥ = slnx is an example of an odd function. Odd functions satisfy (—x) = —f(x). Graphically, ocdd functions are symmetric with respect to the origin. The functions

below, y = tanx and y= cot x, are also odd functions.
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Trigonometric Equations:

The material in this section s used In Calculus 1 for graphing some different types of triponometric functions. You might choose to walt to
review this section until you encounter such graphing problems in your course.

Solving triponometric equations 1s similar to solving ordinary equations, but with an additional step that Involves knowing the angles for
which triponometric functions have certain values.

Example: Solve2sinx—1=0.

2alnx=1
sinx=

Fa e

First, find the angles x in [0, 2 ) where sinx =

Fall

ﬂ]lz

= and x=

mlE

Mext, since sin x has perlod 2 &, adding or subtracting Integer multiples of 2 & to these angles are
also solutions to these equations. Integer multiples of 2 can be represented by 2 nar, where
nis any integer (n= ... -2, -1, 0, 1, 2, ...). 5o all solutions are given by:

T Emw
X=< +Znm — +Znx, nany integer.

Example: a) SolveZ2sin2x-1=0.
b) SolvedsinZx—-1=0 for x In [0, 2m).

al 2sinZx=1

1
S[HZK:—E.

he

Here, the angle 2 x= iB' +Znmar 2x= <+ 2 nwr, and we solve for x by dividing

these equations by 2:



a Em
= +0a, = + Na, nany lnteger.

=% 1

b) Start with the solutions above and replace n with Integers so that the angles obtained are
in the interval [0, 2):

, 3= Df:-::E’—:;. e iwheren=10, 1)

A= 1z 12° 1z

mla

Gm 13x 17n

X
Altogether, x=—=, 5. — . 57 -

Example: Solve 2cos® x +3cosx=-1. (Recall cos? x = (cos ).
This equation 1s similar to a quadratic equation of the form 2 x* + 3x= —1. To salve,
bring the —1 to the other side, and factor:

2eosf x4+ 3cosx+1=0
(Zeosx+ Difcosx+ 1) =0

2eosx+1=0 or cosx+1=0
2eosx=—1
a:-::ls:-nz—Tl2 cosx=—1
ix
X= +2nm, X=m+ 20N
ix
+2nm

Altopether: :-:=2—::r +Z2nm m+2nm, "—; + Znm, nany Integer.

Example: Find all solutions of tan® 3 x = tan 3 x tn the interval [0, ).

tan 3x—tan3x=0
tan3 xtan3x— 11=0

tan3x=0 or tan3x=1
Jx=0+nm 31:1:+mr [since tan x has perlod xr, we
need only look for solutions
In [0, oy and add na).
x=-= ar X=— +— (dividing both stdes by 3)
nxE T Im T nx a 5w Am
K= ylelds the solutions 0, ST =g A }rleldsmﬂsulumnsﬁ, e
. x x® Hm Zm 3Inm
Altogether: x=0, TR T 1



Radian Measure versus Deqgree Measure

In Calculus, radians is mostly used Instead of degrees. This Is why it's important to remember angles using radlans, though it Is more time
1 3 : 3 -h'. 1 1 1 a ay
consuming having to add fractions (to find —f + —_:r adding the t'ral:LEI::-ns,T1 - —;,u than to add whole numbers (1357 + 1207).

r . y Sin 1 .
There are several reasons for this. Algebralcally, If x represents an angle In deprees, then expressions like sinx + x and 5—1! do not make sense.

How do you add a real number (since sin x s a real number between —1 and 1) and a degree, or divide a real number by a degree? Also, graphing
presents a problem, because how do you decide the length along the x-axis that Is supposed to measure 1°7

The functions that are studied in the first two semesters of Calculus are those with domaln the real numbers (or a subset of the real numbers),
and range the real numbers (or a subset of the real numbers). This is necessary to be able to perform the operations that are learnt in Calculus.

r 5N \ " r
For (nstance, knowing the limit of 5—: as x approaches () 1s necessary In finding the derlvatives of the trigonometric functions.

The definition of radlan measure is as follows: let s be the length of the arc of a circle of radius r of a sector with angle & (see the picture
below). Then the radian measure of 8 1s defined to be 8 = -5 . This relationship 1s often Introduced as@=sr.

= =]
Il
= lea




First notice that —? 15 a real number, since both s and r have the units of length, and so the guotient is dimenslonless (1.e. does not have units).

secondly, the definition should not depend on the radius of the circle. Observe that any two sectors with central angle @ are similar (Just like two

triangles with the same angles are similar). So If the radlus of the new sector is k r, then the length of the arc Is k 5, and
ks _ 5

kr r
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