Word Problems

(Notes by Michael Samra)

The two main types of word problems introduced in the first semester of Calculus are related rates
problems and optimization (or maximum-minimum) problems. Each are briefly explained below.

Related rates problems have to do with quantities or variables that are varying in time but that always
satisfy some relation. For example: suppose the radius of a circle is increasing at the constant rate of 2 inches per second. How fast is
the area of the circle increasing when the radius is 10 inches? You imagine the circle expanding at a constant rate, and, at the instant
when the radius is 10 inches, you are asked to determine the rate at which the area of the circle is increasing. Here, the equation that is
always satisfied between the area and radius of a circle is 4 = 7 7.

A similar example is the following: how fast is the volume of a cylinder of fixed radius 4 inches increasing, given that the height is
increasing at the rate of 2 inches per second, at the moment in time when the height is 10 inches?

Related rates questions usually ask you to find the rate of change of one variable given the rate of change of the other related variable
or variables at some instant of time, usually specified by a value of one of the variables.

To contrast the above two examples, the constant increase of the height of the cylinder produces a constant increase of its volume,
whereas the constant increase of the radius of the circle doesn't produce a constant increase of its area: the area increases faster at
larger values for the radius 7 (see the diagram below). Can you understand why this is true in terms of the equations for the volume of
a cylinder and the area of a circle?
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At any height, the same increase in height adds By comparing, for instance, the shaded regions in Quadrant I,
the same volume to the cylinder. you can see that the same increase in the radius produces a

larger increase in the area at the larger radius 7,.

Related Rates Examples

The first example will be used to give a general understanding of related rates problems, while
the specific steps will be given in the next example.

Example I: The radius of a circle is increasing at the rate of 2 inches per second. What is the
rate of change of the area when the radius is 10 inches?



This problem demonstrates the basic idea of related rates. There are quantities that are varying
with time (the radius and the area are increasing as the circle gets bigger), but that always satisfy some
equation (4 = 7). The question is usually to find the rate of change of one of the variables given
the rate of change of the other variable(s), at some moment specified by a value for one (or more)

of the variables.

The equation that A and r satisfy is more fully written as A(7) = 7(r(1))* to show that 4 and r
are functions of time 7. It is customary, though, to simply write 4 = 77 and apply dir to both sides

of the equation - to implicitly differentiate the equation with respect to time:
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Replacing » with 10 and d—: with 2, gives the answer that the area is increasing at the rate of 40 7 square inches per second when the

radius 1s 10 inches.

As mentioned above, the rate of change of the area increases as the radius gets larger. From the

equation
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7’{ can be replaced by the constant 2, to give the equation

— =4dnr.
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This equation shows that the rate of change of the area of the circle is greater at larger values of the radius.

Example 2: A ladder 26 feet long leans against a vertical wall. If the bottom of the ladder is being
drawn away from the wall at the rate of 4 feet per second, how fast is the ladder moving
down the wall when the bottom of the ladder is 10 feet from the wall?

Step 1: Draw a diagram, if possible, labeling with variables those quantities that vary in time
and with numbers those quantities that remain constant.
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A common mistake is to label the quantity that specifies the moment in time with a number rather than a variable. In this problem,
the ladder is being drawn away from the wall, so the distance x is varying in time - it is not fixed at 10 feet. As the ladder is drawn
away from the wall, it slides down the wall, so y is varying in time. On the other hand, the ladder has the fixed length of 26 feet.

Step 2: Using mathematical notation, write what's given and what you are asked to find.
. dx ft dy
Given — =4 — find — when x = 10 feet.
dt sec dt
Step 3: Write an equation involving the variables in the problem.
x? + )% =262
In many cases, the equation will be an area or volume formula like the previous example. In this
example, the Pythagorean Theorem is used. In some other examples, you might have to do

an additional step such as using similar triangles to relate two or more of the quantities.

Step 4: Implicitly differentiate the equation with respect to time.
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Step 5: Plug in the given quantities to solve. (Sometimes it is also necessary to find the value of the
other variable(s) at the specified moment in time).

We are given x = 10 and % =4. We need to find what y 1s when x = 10. To find y, we use the

Pythagorean Theorem again for the particular moment when x = 10:

102+ y2 =267 | y =24
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o feet per second.

10-4+24.2 ¢ |
dt
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The question asks how fast the ladder is moving down the wall, so the correct answer is

feet per second.
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