
Final Exam Problems — Due: December 16, 2011 (NOON)
Quantum Theory of Solids

Professor Godfrey Gumbs

• Problem 1. Thomas-Fermi Debye Screening.
If an external potential energy φ(r) varies sufficiently slowly the chemical potential must satisfy:

µ = µ(n(r)) + φ(r) (1)

where µ0 is the chemical potential of a system of particles of density n(r) in the absence of the external field.

– Consider an electron gas at T = 0 with electron states filled up to a Fermi level εF = ~2k2
F /2m, where kF

is the Fermi vector. Show that in these circumstances the free particle static susceptibility is given by

χ0(q) = −∂n0
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– Show that the mean filed dielectric function can be expressed in the form:

ε(q) = 1 +
k2
TF

q2
(3)

where kTF =
√
me2kF /(π2ε0~2) is the Thomas-Fermi wave vector.

– Show that if φext = −e2/(4πε0r) is the potential energy due to external point charge, the mean field
effective potential becomes

φind = (r) = − e2

4πε0r
e−kT F r (4)

– Consider a classical gas of charged particles at temperature T . Show that with the same approximations

φtot = (r) = − e2

4πε0r
e−r/λD (5)

where λD = (n0e
2/ε0kBT )1/2 is the Debye screening length.

• Problem 2. Dispersion of Plasma Oscillations.
Extend the calculation of the mean field response of an electron gas at T = 0 for ω � ~2q2/2m to next order in
q and show that

Ωpl(q) = Ωpl(q)

[
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+ ...

]
(6)

where vF = ~kF /m is the Fermi velocity and Ωpl(0)2 = e2n/(ε0m)
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• Problem 3. Screening in two dimensions.

Consider a two-dimensional system of electrons distributed on a surface of area A at T = 0 and with a compen-
sating uniform positive background ensuring overall neutrality.

– Show that the two-dimensional Fourier transform of the Coulomb potential is vq = e2/(2qε0)

– Show that the static free-particle susceptibility is

χ0(q) = − m

~2π
(q < 2kF ) (7)

χ0(q) = − m

~2π

[
1−
√

1− s
]

(q > 2kF ) (8)

– Consider a point charge e a distance z above the layer of electrons. Show that the two-dimensional Fourier
transform of the bare Coulomb potential from this charge in the electron gas −e2e(−qz)/(2qε0).

– Find expressions for mean field screened potential and for screening charge distribution in the electron
layer.

• Problem 4. The Kubo formula.

– Apart from their application in studying equilibrium properties, Green functions are also useful for deriving
kinetic coefficients. To see how this can be done, consider a system with a Hamiltonian H(0) perturbed by
a periodic term Ueiωt+εt (ε → 0+). Let at t = −∞ the density matrix be the equilibrium density matrix
ρ(0) corresponding to H(0),

ρ(−∞) = ρ(0) = Z(0)−1e−βH
(0)

Z(0) = Tr e−βH
(0)

(9)

Using the equation of motion for rho(t),

i~ρ̇ = [H, ρ]− (10)

writing

ρ(t) = ρ(0) + ∆ρ (11)

and neglecting second order terms in U and ∆ρ, write down the equation of motion for ∆ρ. Solve that
equation, using as an intermediate quantity ∆ρ′ given by the equation

∆ρ′ = e(iH(0)t)/~∆ρe−(iH(0)t)/~ (12)

– Using the solution for ∆ρ obtained from the previous part, prove so-called Kubo formula:

< G(t) >=< G >(0) −2πeiωt+εt << G;U >>−ω (13)

for the average value of a physical quantity G, where < ... >(0) indicates the average taken with the
equilibrium density matrix ρ(0) and where the Green function is the retarded Green function with η = +1.
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• Problem 5. The Kubo formula.

– Derive the Green function Gαβ(ε, x, x′) for non-interacting fermi-particles located on a straight line (infinite
and one-dimensional).

– Obtain the Green function for the case of semi-infinite line (x > 0) with hard-wall boundary conditions
Ψ|x=0 = 0. Demonstrate that the density of the Fermi gas oscillates as a function of x. Find the period of
the oscillations.


