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Abstract

The powerlaw patterns in Mie scattering (the normalized light intensity /(6)/7(0) vs. the dimensionless gR where
g =4nl™" sing is the magnitude of the wave vector transfer at the scattering angle 6 for wavelength A, and R is the radius
of the nonabsorbing sphere with a relative refractive index m > 1) are analyzed using the geometrical optics approx-
imation for particles of a large size parameter. The (¢R) * powerlaw regime is shown to be present only in Mie scat-
tering of soft particles. The (gR) > powerlaw regime occurs at the scattering angles of the p = 1 geometrical ray
(refracted without internal reflections) from the portion of the incident beam with an incidence angle around /4 upon
the particle. The (qR)’2 powerlaw regimes from particles sharing one common relative refractive index but differing in
size parameters are collinear. Simple analytical expressions are derived to describe these powerlaw regimes of Mie
scattering.
© 2003 Elsevier B.V. All rights reserved.
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The study of light scattering by small particles is
important in noninvasive characterization of small
particles and radiative transfer in turbid media
including atmosphere, marine environment and
tissues (see, for example, van de Hulst’s classic
work[1] and the recent review volume edited by
Mishchenko, Hovenier and Travis [2]). Light
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scattering from a sphere of arbitrary size and re-
fractive index (Mie scattering), one of a few exactly
solvable cases, was derived in 1908 [3]. This exact
solution was given in the form of a slow con-
verging partial-wave series involving complex
functions. The physical meaning and interpreta-
tion of the Mie scattering was itself of lasting in-
terests [4-7].

Recently, work on powerlaw regimes in
Mie scattering was obtained by Sorensen and
Fischbach [8] when plotting the normalized light
intensity 7(0)/I(0) versus the dimensionless
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parameter gR, where ¢ = 4nl"" sin‘z—’ is the mag-
nitude of the wave vector transfer at the scatter-
ing angle 6 for wavelength A after ignoring the
interference ripple structure. These patterns were
attributed to the structure factor of the illumi-
nated portion of the scattering object. The Fou-
rier transform of the illuminated annular shell for
a sphere of radius R was used to explain the
emerging (gR)", (gR)™* and (¢R)™* powerlaw re-
gimes. This approach ignores the extra phase shift
incurred to the light when it passes through the
particle. The implicit assumption made there [8]
that the phase shift due to the nonunity refractive
index of the particle is negligible is valid for
scattering of X-rays [9], but it is inappropriate for
optical light scattering from particles with a large
phase shift.

In this paper, we analyze patterns in Mie
scattering using the geometrical optics approxi-
mation (GOA) for particles of a large size pa-
rameter and derive simple analytical expressions
to describe these powerlaw regimes of Mie scat-
tering.

The increase of the phase shift accompanies
with the increase of the size parameter. The GOA
becomes a viable one when the size parameter
x = kR > 1 where k = 2n/~" is the wave number.
The scattering amplitude of light is composed of
a diffraction light component and reflected and
refracted rays when the contribution from surface
waves can be neglected [10,1]. The diffraction
peak is highly concentrated around the exact
forward direction within angle A6 ~ 1/x. By ig-
noring the interference ripple structure, the Mie
scattering in near forward scattering directions
and outside the diffraction peak for soft particles
whose refractive index m is close to unity
(Im — 1] < 1) and for dense particles (m ~ 1.5) in
GOA is dominated by the p =1 geometrical ray
(refracted without internal reflections) [10-12].
The (¢R) " and (gR)™* powerlaw regimes can be
recovered from the asymptotic behavior of the
contribution from this p = 1 geometrical ray [see
Fig. 1].

The magnitude of the scattering amplitude of
perpendicular polarization with respect to the
scattering plane which was examined in [8] (the
parallel polarization case can be analyzed in a
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Fig. 1. Geometrical rays scattered by a sphere.

similar fashion) is dominated by the contribution
Apg, from the p = 1 geometrical ray [10]
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and the scattering angle 6 is expressed as
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in terms of the incidence angle T where ¢ = tan .
For soft particles, Egs. (1) and (2) can be ex-
panded in powers of u=m — 1

X
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sing = put + o(w?), (4)
yielding
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under the condition p < sing < /u. The first
approximate form in (5) appeared in the classic
book of van de Hulst [1, p. 222].

When sin‘z—) ~ W, the incidence angle 7 is around
t=tant =1, Egs. (1) and (2) can also be ex-
panded about this point t = 1
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Since the refractive index m ~ 1,
m?+ 1
V2m? —1(V2m? — 1 +1)

~

for soft particles, and the two values inside the
brackets of (6) and (7) are close even for dense
particles, we find

Ap ~ @ ( v 2m? — 1)3/2 (8)
Ry — Sing ( /2m2 —1 + 1)5/2 .

ratio=0.9

ratio

0 1 1 1 N 1
0 1 2 3 4 5

t=tanT

Fig. 2. The ratio (Ag, sin)/(dg, sin9),_, versus ¢ = tant. The
curves obtained for particles of different refractive indices in-
tersect with the 90% line at 1 ~ 0.7 and 7 ~ 1.6 where the value
of the incidence angle is T = 0.2 and t = 0.3n, respectively.

The range of the incidence angle © over which the
above expression (8) is valid can be examined by
plotting (Ag, sin9)/(4g, sin),_, versus ¢ = tant [see
Fig. 2]. The range of the incidence angle is approx-
imately 0.2n < 7 < 0.37 for soft and dense particles
(1 <m < 2) when a 10% relative error is allowed.
The corresponding scattering angle range is given by

V3im2—1-v2 . 9<\/35m2—2 — V10

—< —

3m Tm

)
Thus, we can write the normalized scattered light
intensity as
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Fig. 3. The powerlaw regimes of a sphere of refractive index:
(a) m = 1.01; (b) m = 1.50. The size parameter is x = 384.
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(10)
from Egs. (5) and (8) in GOA where we have used
the fact §;(0) = x*/2 and gR = 2xsin{. This shows
that the (¢R) > powerlaw regime exists in Mie
scattering of both soft and dense particles while
the (¢R) * powerlaw regime only appears in soft
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particles. The (gR) > powerlaw regimes are col-
linear while the (qR)* powerlaw regime are not
for particles sharing one common relative refrac-
tive index but differing in size parameters. For
example, the (¢gR)> powerlaw regime is found
within 5 < gR < 12, followed by the (¢R)™* pow-
erlaw regime within 8 < ¢gR < 80, for a soft
sphere of a refractive index m = 1.01; only the
(gR)™> powerlaw regime is observed within
165 < gR < 300 for the dense sphere of a refractive
index m = 1.50 (see Fig. 3). The size parameter of
the sphere in both cases is x = 384.

Fig. 4 demonstrated the powerlaw regimes for a
nonabsorbing sphere with refractive indices
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Fig. 4. The normalized Mie scattering curves plotted versus gR for spheres of refractive index: (a) m = 1.01; (b) m = 1.05; (c) m = 1.5.

The (qR)’2 and (qR)’4 powerlaw regimes of Mie scattering given by Eq. (10) are also plotted.



M. Xu, R.R. Alfano | Optics Communications 226 (2003) 1-5 5

m = 1.01, m = 1.05 and m = 1.5, respectively. The
(qR)_4 powerlaw regime exists only in soft parti-
cles and disappears in dense particles. Its trend
agrees well with our simple expression (10) [see the
long-dash, dash, dot and dash-dot lines for parti-
cles of increasing size parameters in Fig. 4(a) and
(b)]. This agreement is better for larger and softer
particles. On the other hand, the (¢R) > powerlaw
regime exists in both soft and dense particles. This
regime occurs at a larger value of gR for particles
of a larger size parameter and is broader for denser
particles. The (¢R) > powerlaw regimes of particles
of a common refractive index but of different size
parameters coincide on one straight line (the solid
lines in Fig. 4(a)—(c)).

In conclusion, we have analyzed the powerlaw
patterns in Mie scattering using the geometrical
optics approximation for particles of a large size
parameter. The (qR)_4 powerlaw regime is shown to
be present only in soft particles. The (qR)f2 pow-
erlaw regime occurs at the scattering angles of the
p =1 geometrical ray (refracted without internal
reflections) from the portion of the incident beam
with an incidence angle around /4 (from 0.27 to
0.3m within a 10% relative error of the scattering
amplitude) upon the particle. The (¢R) > powerlaw
regimes from particles sharing one common relative
refractive index but differing in size parameters are
collinear. The (¢R) > and (¢gR) * powerlaw regimes
of Mie scattering are well captured by the simple
analytical expressions given in Eq. (10).
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