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Photon migration in turbid media using a cumulant approximation to radiative transfer
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A photon transport model for light migration in turbid media based on a cumulant approximation to radiative
transfer is presented for image reconstruction inside an infinite medium or a bounded medium with a planar
geometry. This model treats weak inhomogeneities through a Born approximation of the Boltzmann radiative
transfer equation and uses the second-order cumulant solution of photon density to the Boltzmann equation as
the Green’s function for the uniform background. It provides the correct behavior of photon migration at early
times and reduces at long times to the center-moved diffusion approximation. At early times, it agrees much
better with the result from the Monte Carlo simulation than the diffusion approximation. Both approximations
agree well with the Monte Carlo simulation at later times. The weight function for image reconstruction under
this proposed model is shown to have a strong dependence at both early and later times on absorption and/or
scattering inhomogeneities located in the propagation direction of and close to the source, or in the field of
view of and close to the detector. This effect originates from the initial ballistic motion of incident photons,
which is substantially underestimated by the diffusion approximation.
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. INTRODUCTION port mean free path,~1mm for human breast tissue. The
diffusion approximation is thus incorrect for a substantial
Photon migration in turbid media is a random walk in scattering range. In optical tomograph§—13 where the
which rays or photons traverse a medium of scatterers andistribution of inhomogeneities inside a highly scattering
absorbers, and undergo multiple scattering and absorptiomedium is reconstructed from measurements of the transmit-
events before escaping. A natural framework to deal with thiged light surrounding the medium, the diffusion approxima-
type of problem is provided by the theory of radiative trans-tion yields a much underestimated weight function when any
fer in Chandrasekhar’s classic tg¢sf. The linear Boltzmann separation between the source, the inhomogeneity, and the
equation governs the radiation field in a medium that abdetector is small. This error may distort the signal from the
sorbs, emits, and scatters radiatidt]. Because the Boltz- inhomogeneity inside the medium because the weight func-
mann equation is a nonseparable, integro-differential equaton near surface is usually much larger than that inside.
tion of first order for which an exact closed-form solution is  Recently, an analytical solution to the Boltzmann equation
not known except for a few special cases, various approxiwas derived by the authors in an infinite uniform medium
mations have been devisé¢il,3,4. The most common ap- using a cumulant expansidi4,15. An exact but formal
proximation is the diffusion approximation, which corre- solution to the Boltzmann equation yields the photon distri-
sponds to the lowest-order truncation in the sphericabution functionl(r,s,t) at positionr, directions, and timet,
harmonic expansion of the photon distribution function. It
follows from the Boltzmann equation under the assumption
that the photon distribution is almost isotropic after a suffi-
cient large number of scattering events, and thus provides an
asymptotic approximation applicable to later tinj& The  for a sourced(r —rq) 8(s— ) 8(t), where({) means an en-
diffusion approximation is invalid when the incident photon semble average in photon direction space. Equationis
still retains its directionality preference. Moreover, approxi-evaluated in Fourier space with the use of the well-known
mations using higher-order truncation in the spherical hareumulant expansion theoreffh6]. An algebraic closed form
monic expansion of the photon distribution function are stillof expression is obtained for an arbitrarth order cumulant.
inefficient in describing the ballistic movement of photons atThis expansion is inherently different from the spherical har-
early times[6]. Yoo et al. [7] reported that the diffusion ap- monics expansion of the photon distribution. The first-order
proximation fails for small and intermediate scatteringcumulant calculation determines tB®actcenter position of
ranges. The range of failure is proportional to the transporthe photon distribution; the second-order cumulant calcula-
mean free path,=15/(1—g) wherely is the scattering mean tion determines thexacthalf width of the photon distribu-
free path andy is the scattering anisotropyhe average co- tion in addition; higher-order cumulant calculations provide
sine of the scattering angleFor one important class of ap- progressively more details of the shape of the photon distri-
plications of photon migration in a turbid medium—the bution but do not modify the cumulants of lower order. This
medical applications, the medium has a strongly peakeis a major advantage of the cumulant expansion. The photon
phase function in the forward direction and a typical trans-distribution approaches a Gaussian distribution as the num-
ber of scattering events increases according to the central
limit theorem[16]. So it is not surprising that the second-
*Electronic address: minxu@sci.ccny.cuny.edu order cumulant solution with a correct center position and
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half-width has already provided a clear picture of the timeformal solution to the Boltzmann equation, Ed), is then

evolution of photon migration from the initial ballistic to the evaluated by(1) expressing its firs$ function of positionr

final diffusive regime—that photons migrate with a centeras an integral of exXjk-(r—c/§s(t’)dt’)] over k in the

that advances in time, and with an ellipsoidal contour thaFourier space(2) making a cumulant expansion of the latter,

grows and changes shafdgd]. and(3) calculating the cumulants in the direction space with
The cumulant solution depends explicitly on the phaseuse of the exact Green’s functidi(s,t|sy) [15].

function of the medium and involves a complicated numeri- ~ An arbitrary order of cumulant solution can be calculated

cal integration over angular parameters to build a forward15] with higher-order cumulants providing progressively

model. It is inconvenient for direct use in image reconstruc-more details about the photon distribution. Because the pho-

tion. An approximate form of the second-order cumulant soton distribution approaches a Gaussian distribution when the

lution relating the scattered wave field directly to the weaknumber of the scattering events increases regardless of the

inhomogeneities in an infinite space was later proposed bgetails of the scattering, a second-order cumulant solution is

the authorg17], which retains the main features of photon sufficient at later times. At early times, the photons’ spread is

propagation at both early and later times and reduces to thearrow compared to the resolution of the detector, hence the

conventional diffusion approximation at later times. detailed shape is less important than the correct position and
In this paper, we will first extend the second-order cumu-half-width of the beam. We emphasize the center of the po-

lant solution to planar geometriésemi-infinite and slab me-  sition and half-width obtained from the second-order cumu-

dia) after a brief recount of the main results of the cumulantiant solution isexactand will not be altered by higher order

solution to the Boltzmann equation in an infinite space. Thesumulant solutions.

result of Monte Carlo simulations is then presented for both  The second-order cumulant solution of the photon density

infinite and semi-infinite media to verify the behavior of the N©)(r t|r,,s,) = fdsl ©O(r,s t|ry,5) for an incident source

second-order cumulant solution at both early and later time%ropagating along the positiveaxis (s,=2) in a uniform

The weight function for image reconstruction of weak i”ho'medium, is given by14]

mogeneities is calculated with use of the simplified cumulant

. - . . ._. . . _ 1 1
and diffusion approximations for semi-infinite and slab me NO(r tro.50) =

dia. The results from the two approximations are compared. (47D, ct)Y2 4Dy ct
The advantage of this model over the diffusion approxima- ‘
tion is then discussed. o (2-2—R,)?
ex 4D, ct
Il. THEORY ) 5
. o . (X—=Xo)*+(Y—Yo)
The Boltzmann equation for photon distribution function xXexp — 4D ..ot
I(r,st) at positionr, directions, and timet from a unit xx
source at positiomy propagating alongy at timet=0, is X exp(— maCt) (5)
given by with a moving center located at
J
—fl(nst+es VoI (rst)+clug(r) +ua(N]H(r.st) R,=1[1—exp(—ct/ly)] (6)
and the diffusion coefficients
zcus(r)f ds'P(s,s')I(r,s,t)ds’ Dxx=Dyy
c|t 1—exp(—gqt 1—exp(—g,t
+8(r —1) 8(s—50) (1), ) =§[—+ 9l . M=0u] ( p(_ 92) )],
wherec is the speed of light inside the medium, and 91 91(91=02) 92{017 02
denote the position-dependent absorption and scattering co- et 3q.— 1—exd — ait
efficients, andP(s,s') is the normalized phase function of DZZ:—{——( 91 922)[ A=0i)]
the light propagation in the medium. The known phase func- 3t{ g 91(91—92)
tion is assumed to depend only on the scattering asigle )
and is then expandable in Legendre polynomials, N 2[1—exp—got)] 3[1—exp(—g;t)] @
92(91—92) 292

P(ss)=(4m) 1D, aP(s9). 3
(85)=(4m) z| P(ss) ® For simplicity, we use the following approximation to the

Equation (2) is nonseparable. However the evolution in Sécond-order cumulant solution as the background photon
direction space, F(s,t|s)exp(uact) =/drI(r,st|ro,s),  distribution,1¥(r,st), in an infinite uniform mediunj17],
obeys a separable equation with the solufib4

Y P a Al 1O(r,s,t|rg,5) =NO(r,t|rg,5) F(st|s)
F(stls)=(4m) 12 (21 +Dexp —git)R(s ). (4) 3
| ~ 77D VINO(rtro.5)  (8)

Here g =cud1—a,/(21+1)], especiallygy=0 and g;
=cus Where . is the reduced scattering coefficient. The in building the photon transport model for image reconstruc-
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tion where the time-dependent diffusion coefficiénft) is  s,. At later times,F(s,t|s)—(47) "%, D(t)—(3ul) %, Eq.
taken to be an averad(t) =(Dyx+D,,+D,;)/3 of the dif-  (8) reduces to the photon distribution of the center-moved
fusion coefficient ellipsoid. At early times—O0, the first diffusion approximatiori8].

term of Eq.(8) dominates, and-(s,t|s) — 8(s— ), D(t) For weak inhomogeneitiesiu,(r) and dug(r), embed-
—C%t2ul9—-0,  NO(r trg,5)—d(r—ro—c(t—te)s), ded in an otherwise uniform medium, a first-order Born ap-
thus 19(r,s t|ro,5) provides a correct picture of ballistic proximation to Eq.(2) yields the change in the photon dis-
motion of photons with speecialong the incident direction tribution [17]

1 ’ ’ ’ )y ’ O)pr ¢/ 3¢ ’ ’ ’ ’
5I(r,st|ro,so)=—ﬂ dt’ | dr'cou,(r )N’ t—t'|r,—s)NO(r’ t |r0,so)+ﬂ dt’ | dr'D(t—t")D(t’)

3c
x[aﬂa(r')+5Mg(r’)]vr,N<°>(r',t—t'|r,—s)-v,,N<°>(r’,t’|ro,so)+Ef dt’fdr’D(t—t’)

X[ Sua(r')+ Sul(r)]exp —cult YNOF t'|r,—9)s- V  NO(r" t—t'|rg,5)

—5o- Ve NO  t=t'|r, —9NO(r' ,t'[rg, )} ©
|
after neglecting fast decaying terms involving exg@@t) for 2l 1—Regg
I=1. We should point out that the optical reciprocity relation "3 1+R . (13)
€

is satisfied by both the photon density Ef). and the photon
distribution Eqgs.(8) and (9). At later times, the term in Eq.
(9) containing the exponential decay factor expfit’) can
be neglected, the change in photon densityS#(r,s,t), in
the diffusive limit, is reduced to that in the diffusion approxi-
mation (Eqg. (14) in Ref.[18]).

The restriction of D(t) by taking an average of
Dyux: Dyy, and D,, can be relaxed. The diffusion coeffi-
cients D,,=D,, and D,, can be used instead. The only

change is to replace all the occurrences of the fornpCaltering anisotropy. y
of D(t)V, NO(r,t|ry,5) to The extrapolated-boundary condition has been success-

fully employed for planar geometries such as a slab or a
semi-infinite medium in diffuse imaging, in which the pho-

Here Ry is the effective reflectivity at the interface deter-
mined by the Fresnel reflection coefficients. The extrapola-
tion length z, measures the distance outside the medium
where the energy density from the diffusion approximation
vanishes linearly. A recent study by Popestial. [20] has

also shown the dependence of the extrapolation length on the

D (1) (X3l x4yl ay)NO(1 t|r o, 50) ton density is set equal to zero at an extrapolated boundary
. located a distance, outside the turbid mediurfi8,21,23.
+ Dzz(t)za/az’N(O)(r,tlro,so) The method of images is used to obtain the Green’s function

in such bounded media. The same technique can be applied
_ here to the Green’s functioN®(r t|ry,s,).
in both Egs.(8) and (9). Keeping in mind that the source approaches gradually and
stops finally aty+ sl; on average with the increase of time,
the image of the incident point source aty(yq,2o=0)
propagating along the positiveaxis inside a semi-infinite
When the scattering medium is bounded, special condimedium with its interface az=0 is a negative one at
tions are needed to set the photon density at the interfacegx,,y,, —z,—2z.—2l,) propagating along the same direc-
The reflection at the interface reinjects the light into the me+ion (Fig. 1). At early times, both the source and its image
dium. Using a partial current technique, Ztat al. [19]  have not arrived at the extrapolated boundary and their con-
showed that the boundary condition for a semi-infinite me-+ributions at the extrapolated boundary can be neglected.
dium can be written as When the time increases, the contributions at the extrapo-
lated boundary from both the source and image tend to can-
-0 (10) cel each other as both approach their final sttgsadow
spots in Fig. 1. The shadow spots just represent the positions
of the source and its image in the center-moved diffusion
approximation. The Green’s function of a semi-infinite me-
at the interface=0 where dium given by

A. Extension to planar geometries
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FIG. 1. The incident source at positioRy(yy,2,=0) and its FIG. 2. The center position and the half-width of the photon

image source atxp,Yo,—Zo—22.—2l;) propagating along the cloud inside a uniform infinite absorptionless medium with aniso-
positivez axis in a semi-infinite mediunz& 0) with its interface at  tropy equal to 0.9.
z=0. The source and its image move from their original positions

(dark spots to their final stopgshadow spojsat later times. packet to improve the efficiency of the calculation without
introducing a bias. The results in the following paragraphs
Nggﬂn(r,ﬂro,so) =NOX(r,t|X0,Y0.20,%) haye been scaled to use the traqsport mean fred pasithe
) unit of the length and the flight time for one transport mean
—N(r,t[x0,Y0, = 20— 22¢— 211, %0) free path in the mediunh/c as the unit of the time. The

(12) source is incident along the positizeaxis at the origin in
space and time. $10° photons are used in one run of the
thus approximately satisfies the extrapolated-boundary comvionte Carlo simulation.
dition. The first- and second-order cumulafiise center position
The same procedure can be easily applied to a slab withnd the half-width of the “photon cloud”of our cumulant
its extrapolated boundaries &0 andz=L. The images of solution Eq.(5) is
an incident source ag,yq,2p) With 0<zy<L propagating
along positive or negativeaxis (s,= = 1) are a set of posi- (X(1))=(y())=0, (z(t))=I[1—-exp(—ct/l)],
tives images atxy,Yg,Z9+2nL) and a set of negative ones
at (Xg,Yo,—z—2nL—2s,l,), all propagating along the same V(AX(1)%) = (Ay(t)%) = V2D (b)ct,
direction as the source{<n<w is integejy.
V(Az(t)%)= 2D, [t)ct, (13)

where() means an ensemble average of photon positions at a
We will compare the photon densities computed by thespecified time. This theoretical prediction can be easily veri-
diffusion approximation(DA), the cumulant approximation fied by a Monte Carlo simulation. Figu@) shows the first
(CA) Egs.(5) and(8), and the Monte Carlo methaiC) for ~ two cumulants of photons for an incident pulse along zhe
an incident collimated pulse first in an infinite space and theraxis at time zero into an infinite medium with anisotropy 0.9.
in a semi-infinite space. In DA, the incident photons are asA perfect agreement on the center positighe first-order
sumed initially scattered isotropically at a depth of one transeumulanj and the half-widththe second order cumularaf
port mean free path into the medium as used by Pattersathe photon distribution between our theoretical result and the
et al. [8]. No such adjustments are performed in CA. TheMonte Carlo simulation is obtained. The half-widths along
Monte Carlo code is adapted from Pralal.[23] and Wang  xyzdirections are very close; the value alandirection is a
et al. [24]. Photons are launched one by one into the mebit larger than that along they direction as predicted by Eq.
dium. Each photor(regarded as a packestarts from the (13).
origin of the coordinate system and the first scattering event Figures 3a)—3(c) shows the photon density at positions
takes place along the positiveaxis. The step sizéistance (0,0,3,), (0,0,d;), and (0,0,10) computed by all three dif-
between consecutive scattering evensssampled from an  ferent methods for the same infinite medium. At a distance of
exponential distribution characterized by the total attenuatior3l,, the time profile of photon density from the cumulant
mT=ust pa, following Beer’s law. After each propagation approximation agrees much better to the Monte Carlo result
step, the photon packet is split into two parts—a fractionthan DA by providing a correct peak position of photon den-
(malpt) is absorbed and the rest scattered. The new propaity. Some amount of photons arriving faster than the speed
gation direction after scatteringhree directional cosingss  of light still exist in this second-order cumulant calculation.
sampled by assuming a Henyey-Greenstein phase functiddowever, this is already a big improvement compared to
[25]. The effect of internal reflection is included in this code. DA. The result from CA can be further improved when
The technique of roulettE26] is used to terminate a photon higher-order cumulants are used. At a larger distance, all the

B. Comparison with the Monte Carlo simulation

066609-4



PHOTON MIGRATION IN TURBID MEDIA USING A.. ..

1.5x107° |

1.0x10°3 |

5.0x10* |

0.0x10°
0

5x10°°

4x10° |

3x10° |

2x10° |

1x105 |

0x10°
0

1x10°°

8x10°®

6x10°®

4x10°®

2x10°

ox10°
0

FIG. 3. Photon density at positioria) (0,0,3,), (b) (0,0,8,),
and(c) (0,0,10,) vs time normalized to a unit source in an infinite
medium. The source is incident along the positwexis at the

are computed by the diffusion approximatiébA), the cumulant
approximation(CA), and the Monte Carlo methodC), respec-

tively.
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FIG. 4. Photon density at positiorts) (0,0,3,), (b) (0,0,6,),

origin of the coordinate system and at time zero. The three curveand (c) (0,0,10,) vs time normalized to a unit source in a semi-
infinite medium. The source is incident normal to the surface of the

medium and along the positiaaxis at the origin of the coordinate

system and at time zero.
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FIG. 5. The backscattered photon intensity, — z,t) at positionsa) (0,,,0) and(b) (0,2,,0) on the boundary of a semi-infinite medium
vs time normalized to a unit source in a semi-infinite medium. The source is incident normal to the surface of the medium and along the
positive z axis at the origin of the coordinate system and at time zero.

three methods begin to agree with each other pretty well antbrward along the positive direction and diffuse from the
the cumulant approximation is better than the diffusion ap-moving center with a gradually increasing diffusion coeffi-
proximation. The difference between results from DA, CA,cient from O tol,/3. CA agrees well with the Monte Carlo
and MC is negligible when the distance isl 10r larger. simulation.

The calculations using DA, CA, and MC are performed
again for a semi-infinite medium with its boundaryzat 0,
whose optical parameters are taken to be the same as the
above infinite medium. The source is incident at the origin of The responséhe change of the scattered wave fjetla a
the coordinate system and along the positivaxis (normal unit absorption or scattering inhomogeneity is usually called
to the surfacpat time zero. The effective reflectivity is taken the weight function or the Jacobian in medical tomography
to be zero and an extrapolation lengih=0.7, is used in literature. This quantity plays a central role in image recon-
both DA and CA calculations. Figuregal—4(c) shows the struction regardless of which method is used to obtain the
corresponding results for this example. Again CA shows d@nhomogeneity distribution in a medium. Let us rewrite Eq.
much better agreement to the MC than DA. Compared witH9) in the following form:

Fig. 3 for the infinite case, the tail of the profiles in Figs.

4(a)—4(c) for the semi-infin{te medium is lower dge to the 4781 (r,5t20,%) = _CJ dr’ Sua(r Wa(r,SFo,S,tir")
presence of an extra negative image source coming from the

boundary condition.

C. Weight function for image reconstruction

As a final example, the backscattered photon intensity + ¢ Jdrlélur(r,)
~ P S
1©)(r,—Z,t) at positions (0,,0) and (0,2,0) on the bound- Bus?
ary of the above semi-infinite medium is calculated with use .,
XW(r,8Tg,S,t;r") (14

of the three different methodsee Fig. % In DA, photons
diffuse from the adjusted source position (0)Owith the
constant diffusion coefficier® =1,/3. In CA, back-scattered with the absorption and scattering weight functions defined
photons arrive later because the center of photons movess

t
wa(r,s,ro,so,t;r’)zf dt'NO(r t—t"|r,—9NO(r" t'|ry,5) —Ws(r,S,rg, S, 17"/ (3ul?)
0

WS(raser!&)!t;r,
9

t t
)=f dt’D(t—t')D(t’)Vr,N(o)(r’,t—t’|r,—s)-Vr,N(O)(r’,t’|r0,so)+J dt'D(t")
0 0

t
><exr[—c,u;(t—t’)]N(O)(r’,t—t’|r,—s)s~Vr,N(O)(r’,t’|r0,so)—f dt’'D(t—t")

0
Xexp—cuit' ) Ve NO(r t—t'[r,—9)NO(r' t'|rg,5), (15)
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respectively.

As NOX(r t|rq,5)— 8(r —ro—ctsy) whent—0, special attentions must be paid when a numerical integration is carried out
for Eqg. (15). The range of integration is divided into three areasAf0,(A,t—A), and t—A,t) wheret>A>0. The end
corrections from the integration over {0, and ¢—A,t) to the weight functions integrated ovek  — A) range are approxi-
mately given by

1 1
€a(r,Sr9,%,t;r")= EN(r’,tIr,—8)6(X’—xo)5(y’—yo)H(A—é)H(§)+ EN(r’,tlro,so)&X’—X)(S(y’—y)H(A— n)H(7n)

—ey(r,8,10,S,t:r")/(3ul?),

es(r,srop,S,t;r") D(t) dD(t) D(t)
9;3 i ( Sy tg)sO-VrfN(r',t|r,—s>5(x'—x0>5(y'—yo>H<A—§)H<§>+T
dD(t)
X(l_ oot )S'Vr'N(r/:t|ro,So)5(X’—X)5(y'—y)H(A—n)H(y;), (16)
t=79

wherer’ =ry+césy=r— ncs is the position of the inhomo- range for comparison. A peak is found in the absorption
geneity,s and s, are assumed to be along the positive orweight function[Fig. 6(@] and a crossing of zero in the
negativez axis, andH is the Heaviside function. In the fol- scattering weight functioffFig. 6(c)] atz=1I,, because of the
lowing calculations, the refractive index of the medium isartificial adjustment of the source position to one transport
assumed to be 1.33; the absorption and scattering coefficientsean free path into the medium and the singularity of the
of the medium are assumed to be 0.003mmand Green's function in DA when the inhomogeneity and the
10 mm 1, respectively, and the scattering anisotropy 0.9source overlap.
providing a transport mean free pdth-1 mm. The offsetA A larger disagreement between CA and DA is observed in
is taken to be 0.1 ps when more than 99% of the photorthe scattering weight function than in the absorption weight
packet still concentrates within a cubic volume (0%  function. The absorption weight functions from CA and DA
The weight function from a cubic of volume (0IQ is  agree with each other relatively well except for a region of
calculated using the DCUHRE algorithi@7]. depth ofl; near the surface when the inhomogeneity is in the
The weight functions for a semi-infinite medium are propagation direction of the source, or in the field of view of
shown in Fig. 6 for absorption and scattering inhomogenethe detector. The scattering weight functions from CA and
ities. The backscattered photofsopagating along negative DA disagree significantly within the region of depth of at
z axis) are detected by a detector placed at a positioneast 2, close to the surface. The deepest position that can be
(0,24,0), off two transport mean free path from the source.detected by the detector at tinés roughlyct/2. This con-
Figures 6a) and Gc) show the response to an inhomogeneitydition is better observed by CA because CA shows a faster
at (0,0z) positions which is in the propagation direction of decay rate of both the absorption and scattering weight func-
the source at delay 50 ps and 500 ps. The CA shows a mudions with the increase of the depithigs. §a)—6(d)].
stronger response from the inhomogeneity in the propagation The absorption and scattering weight functions for a slab
direction of and close to the source than the diffusion apis shown in Fig. 7. The slab has the same optical parameter
proximation. Both absorption and scattering weight functionsas the semi-infinite medium. The thickness of the sla is
from CA reveal a peak at about 0193 This peak originates =30l,. The source is at the origin (0,0,0). The detector is
from the initial ballistic motion of the incident photon. In a placed on the opposite side of the slab, (0,0)30n the
short time after the photon is launched<0), the photon propagation direction of the source. The weight functions by
packet will be positioned at* =ct with a spread of half- the cumulant approximation and the diffusion approximation
width ~ \/4D(t)ct=2ct\/ct/(3l;), hence the presence of an are strictly symmetric about the plame d/2. The agreement
absorption or scattering inhomogeneity at position @,0, between CA and DA for the absorption weight function is
< Zz*), sitting in the ballistic path of the photon, will signifi- better than for the scattering weight function. Both CA and
cantly reduce the number of backscattered photons receivddA produce close results for the inhomogeneity not located
by the detectofw,>0 andw,<0 in Eqg.(14)]. In Figs. 6b)  near the boundary. When the inhomogeneity is placed along
and &d) where the inhomogeneity is placed atl{(Qz) mm  the line (0,0z), in the propagation direction of the source
positions, not sitting in the ballistic path of the photon, thisand in the field of view of the detector, two peaks at about
peak is gone. 0.03; andd—0.03; appear in CA; two peaks in the absorp-
The diffusion approximation is invalid when the inhomo- tion weight function[Fig. 7(a)] and two crossings of zero in
geneity is too close to the source or the detector. Nevertheéhe scattering weight functiofFig. 7(c)] appear in DA al,
less, the weight function from DA is plotted over the fall andd-—1I,.
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FIG. 6. Weight functions for a semi-infinite medium where the inhomogeneitg)isbsorption andc) scattering at (0,@), in the
propagation direction of the sourcés) absorption andd) scattering at (0,,z), off by one transport mean free path. Profiles at two delay
timest=50 ps and =500 ps are plotted for both the cumulant approximati®A) and the diffusion approximatiofbA). The insets replot
the weight functions in a logarithm scale.

Ill. DISCUSSION wheres, ands are the propagating directions of the incident

We attribute the formation of a peak very close to theand outgoing photon. The positioning of both the source and

surface but not on the surfa¢about 0.08, into the medium the detector for one transport mean free path into the me-
of the absorption and scattering weight function in the cumudium is hence mandatory if the diffusion approximation is
lant approximation to the initial ballistic motion of the inci- Used. The curves for DAin Figs. 6 and 7 are calculated using
dent photon. The photon penetrates into the medium with afhis adjustment. The DA will deviate from the CA signifi-
initial speed ofc and with its center approaching and stop- cantly over the full range of depth if the adjustment on the
ping at one transport mean free path into the medium. Henceosition of the source or the detector is not performed.
the effect is only significant when the inhomogeneity is in  The diffusion approximation for image reconstruction
the propagation direction of the source or in the field of viewsubstantially underestimates the contribution to the emission
of the detector, and the peak response shifts away from the@easurement from the inhomogeneity in the propagation di-
surface of the medium. rection of and close to the source, or in the field of view and
The diffusion approximation requires one to adjust theclose to the detector. This error may distort the signal from
position of the source to compensate for the initial ballisticthe inhomogeneity inside the medium because the weight
motion of the photori8,28,29. From our more accurate re- function near surface is usually much larger than that inside,
sult Eq. (9), the source and the detector terms appear in @and may lead to a failure in image reconstruction. The high
form of N©O(r’ 7|r,—s) andN©(r’, 7|ry,s), respectively. response from the region near surface is not desirable when
The source and the detector approach gradually and stop tite inhomogeneity inside the medium is to be detected in the
ro+1:s andr—I;s, respectively, with the increase of time transmission or backscattering measurements. The cancella-

066609-8



PHOTON MIGRATION IN TURBID MEDIA USING A.. ..

PHYSICAL REVIEW E65 066609

A(

A (abs t=1500ps)
A (abs t=300ps)
A

C
C
D
DA (abs t=1500ps)

abs t=300ps) ——

CA (abs t=300ps) ———
CA (abs t=1500ps)
DA (abs t=300ps)

DA (abs t=1500ps)

o z
3
1010 . . . A .
5 10 15 20 25 30
z/l;
(b)
2 T T 4 T
CA (scat=300ps) —— 0 107
CA (sca t=1500ps) ——--- :
1k DA (sca t=300ps) ------ , 3
{ x10 DA (sca t=1500ps) -
o o

£}l
=

2k

CA (sca t=300ps)
3 CA (sca t=1500ps)
] DA (sca t=300ps)
DA (sca t=1500ps) -~
-4 1 1 1 1 1 3 ' N L ! ,
0 5 10 15 20 25 30 0 5 10 15 20 25 30

z/l; z/l;

() (d)
FIG. 7. Weight function for a slab where the inhomogeneitiajsabsorption andc) scattering at (0,@), in the propagation direction of
the source(b) absorption andd) scattering at (0, ,z), off by one transport mean free path. Weight functions calculated from the cumulant

(CA) and diffusion(DA) approximations are plotted for time delaystef300 ps and =1500 ps. The insets replot the weight functions in
a logarithm scale.

tion between multiple measurements using nearby wavefrom the initial ballistic motion till the final diffuse regime.
lengths may help reduce this effect. To a second-order cumulant, the solution agrees with the
Other attempts to obtain a better approximation to radiaMonte Carlo simulation at later times and provides a correct
tive transfer in turbid media were made by various authorgpeak position in time for photon arrivals at early times, in
such as Ishimaru’s diffusion approximati$80,31], the te- both an infinite medium and a bounded medium with a pla-
legrapher equation of Duriaet al. based on the two stream nar geometry. The initial ballistic motion of photon produces
theory [32], Gershenson’s time-dependent equation in thea strong peak in the response from absorption and/or scatter-
diffusion limit using a higher-order angular expansifd, ing inhomogeneities, which are in the propagation direction
and non-Euclidean diffusion equation of Polishchetkal.  of and close to the source, or in the field of view of and close
[33]. The advantage of this cumulant approximation is that itto the detector, at both early and later times.
provides a clear picture of photon migration for an incident
collimated beam from early to later times and that it gives
the exactcenter and thexactspread of the photon cloud at
both early and later times by only using a second-order cu-
mulant approximation. This work was supported in part by the U.S. Army Medi-
In conclusion, we have presented a cumulant approximeal Research Material Command, NASA Institutional Re-
ation to radiative transfer, which provides an analytical toolsearch Award, the New York State Office of Science, Tech-
to describe photon migration at both early and later times—hology and Research, and the U.S. Department of Energy.

ACKNOWLEDGMENTS

066609-9



M. XU, W. CAI, M. LAX, AND R. R. ALFANO PHYSICAL REVIEW E 65 066609

[1] S. ChandrasekharRadiation Transfer (Oxford University  [16] S. H. Ma, Statistical Mechanic§World Scientific, Philadel-

Press, Oxford, 1950 phia, 1985.
[2] J. J. Duderstadt and W. R. Martifiransport Theory(Wiley, [17] M. Wu, W. Cai, M. Lax, and R. R. Alfano, Opt. Let26, 1066
New York, 1979. (2001.
[3] A. Ishimaru,Wave Propagation and Scattering in Random Me- [18] S. R. Arridge, Appl. Opt34, 7395(1995.
dia (Academic, New York, 1978 \Vols. | and 1. [19] J. X. Zhu, D. J. Pine, and D. A. Weitz, Phys. Rev4A 3948
[4] C. Cercignani,The Boltzmann Equation and its Applicatipns (199D.
Applied Mathematical Sciences Vol. 67Springer-Verlag, 201 G- Popescu, C. Mujat, and A. Dogariu, Phys. Rew1E4523
Berlin, 1988. (2000.

[21] R. C. Haskell, I. O. Svaasand, T.-T. Tsay, T.-C. Feng, M. S.

[5] G. D. Mahan, J. Math. Phy86, 6758(1995.
McAdams, and B. J. Tromber, J. Opt. Soc. Am.1& 2727

[6] M. Gershenson, Phys. Rev.39, 7178(1999.

: (1999.
7] ;<1.9l\€/;|(.)Yoo, F. Lin, and R. R. Alfano, Phys. Rev. Le@d, 2647 [22] J. C. J. Paasschens and G. W. 't Hooft, J. Opt. Soc. Arh5A
' ) 1797(1998.

[8] M. S. Patterson, B. Chance, and B. C. Wilson, Appl. O&. [23] S. A. Prahl, M. Keijzer, S. L. Jacques, and A. J. Welch, Proc.

2331(1989. SPIEIS-5, 102 (1989.
[9] S. Fantiniet al, Proc. SPIE2389 204 (1995. _ [24]L.H.Wang, S. L. Jacques, and L. Q. Zheng, Comput. Methods
[10] J. Opt. Soc. Am. Al4, 136 (1997, special issue on diffusing Programs Biomed47, 131(1995.

photons in turbid media, edited by A. G. Yodh, B. Tromberg, [25] | G. Henyey and J. L. Greenstein, Astrophy93.70 (1941).

E. Sevick-Muraca, and D. Pine. [26] R. Y. Rubinstein,Simulation and the Monte Carlo Method
[11] J. C. Hebden, S. R. Arridge, and D. T. Delpy, Phys. Med. Biol. (Wiley, New York, 198).

42, 825(1997). [27] J. Berntsen, T. O. Espelid, and A. Genz, ACM Trans. Math.
[12] S. R. Arridge and J. C. Hebden, Phys. Med. B4R, 841 Softw. 17, 452 (1997).

(1997. [28] J. S. Maier and E. Gratton, Proc. SP1B88 440 (1993.
[13] Proceedings of Inter-Institute Workshop on In Vivo Optical Im-[29] Y. Tsuchiya, K. Ohta, and T. Urakami, Jpn. J. Appl. Phys., Part

aging at the NIH edited by A. H. Gandjbakhch@ptical So- 1 34, 2495(1995.

ciety of America, Washington, D.C. 1999 [30] A. Ishimaru, J. Opt. Soc. An68, 1045(1978.
[14] W. Cai, M. Lax, and R. R. Alfano, Phys. Rev. &, 3871  [31] A. Ishimaru, J. Opt. Soc. Am. A, 506 (1984.

(2000. [32] D. J. Durian and J. Rudnick, J. Opt. Soc. Am. 14, 940
[15] W. Cai, M. Lax, and R. R. Alfano, J. Phys. Chem1B4, 3996 (1997.

(2000. [33] A. Y. Polishchuk and R. R. Alfano, Opt. Let21, 916(1996.

066609-10



