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Abstract

We describe a linear-time algorithm that recovers absolute camera positions for
networks of thousands of terrestrial imagesspanning hundreds of meters, in outdoor
urban scenes,under varying lighting conditions. The algorithm requires no human
input or interaction. It is robust to up to 80% outliers for synthetic data. For real
data, it recovers camera posewhich is globally consistent on averageto roughly 0:1�

and �v e centimeters, or about four pixels of epipolar alignment, expending a few CPU-
hours of computation on a 250MHz processor.

This paper's principal contributions include an extension of Monte Carlo Markov
Chain estimation techniques to the caseof unknown numbers of feature points, un-
known occlusion and deocclusion, and large scale(thousands of images,and hundreds
of thousandsof point features) and dimensional extent (tens of meters of inter-camera
baseline,and hundredsof metersof baselineoverall). Also, a principled method is given
to manageuncertainty on the sphereof directions; a new useof the Hough Transform
is proposed; and a method for aggregating local baseline constraints into a globally
consistent constraint set is described.

The algorithm takesintrinsic calibration information, and a connected,rotationally
registeredimagenetwork as input. It then assembles local, purely translational motion
estimates into a global constraint set, and determines camera positions with respect
to a single scene-widecoordinate system. The algorithm's output is an assignment of
metric, accurate 6-DOF camerapose,along with its uncertainty, to every image. We
assumethat the sceneexhibits local point featuresfor probabilistic matching, and that
adjacent camerasobserve overlapping portions of the scene;no further assumptions
are made about scenestructure, illumination conditions, or cameramotion.

We assessthe algorithm's performanceon synthetic and real data, and demonstrate
several results. First, wide-FOV imagerymakesregistration fundamentally morerobust
against failure, and more accurate, than ordinary imagery. Second,we show that by
combining thousands of noisy, gradient-based (point) features into a small number of
projective motion estimates (baselines), the algorithm achieves accurate registration
even in the face of signi�cant lighting variations, low-level feature noise,and errors in
initial position estimates.
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1 In tro duction

Extrinsically calibrated imagery is of fundamental interest in a variety of computer vision
and graphics applications, including sensorfusion, 3D reconstruction for model capture,
and image-basedrendering for visual simulation of realistic scenes.In practice, registering
imagery can require substantial manual e�ort, for example to specify matching tie points
acrossmultiple imagesas constraints to a bundle adjustment algorithm. Even for small
datasets,this manual component can absorbtens or hundredsof hours of human e�ort, and
is di�cult or impossibleto partition amongseveral workers.

We have developed two automatedcameraregistration algorithms aspart of a systemfor
automated model capture in extendedurban environments [52, 53]. In our system,a human
operator movesa sensor[11] to many viewing positions in and around the sceneof interest.
At each position, the sensoracquiresa high-resolution, high dynamic range image of some
portion of the scene,alongwith a rough estimateof the acquiring camera'spose,or position
and orientation, in absolute (Earth) coordinates. The result is a set of omni-directional
images,each with a hemisphericalor greater �eld of view, acquired15 to 20 metersapart.

Imagesare grouped by optical center into single,wide-FOV mosaicscalled \no des" [18].
Each node is subsequently treated as a rigid, super-hemisphericalimagewith a singlepose.
The useof wide-FOV imagery provides a signi�cant advantage in practice, by reducing the
number of optimization parameters, and by eliminating classicalbias and ambiguities in
cameramotion estimation [26, 18, 22].

The sensor'sinitial camera pose estimates are not su�cien tly accurate for 3D recon-
struction, which requiresepipolar geometryconsistent to a few pixels acrossany imagepair
viewing commongeometry. Thus onecritical component of our systemis the re�nement of
the sensor'sinitial cameraposeestimatesto bring all camerasinto registration. Sincethe
scaleof the dataset rules out interactive techniques,our poserecovery algorithms must be
fully automated, and their running times must scalewell with the number of images.How-
ever, most imagepairs observe nothing in commondue to occlusion;thus we can not apply
algorithmic techniqueswhich assumethat commonscenestructure is observed by all images.
Instead, we use the (rough) initial poseestimatesto associate cameraswhich are likely to
have observed overlapping scenestructure, then use an e�cien t local-to-global alignment
strategy to register all images.

Solving the generalpose-recovery problem involvesdetermining six parametersfor each
camera: three of rotation and three of position. Our approach decouplesthe 6-DOF problem
into a pure rotation (3-DOF) andpure translation (3-DOF) component. This paper addresses
only position recovery; a companionpaper [3] addressesthe prior recovery of scene-relative
imageorientations.

1.1 Algorithm Overview

The goal of our algorithm is to accurately registerevery camera(node) to a single,common
coordinate system. Our approach usesthe fact that nodesare registeredrotationally upon
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input, leaving only nodepositionsto bedetermined. Also, it exploits the tendencyof adjacent
(nearby) nodes to have observed overlapping scenestructure. The algorithm �rst detects
sharedstructure acrosspairs of adjacent nodes,accurately estimating a local displacement
direction relating each pair. These local constraints are then propagated throughout the
node graph to assigna globally consistent position to each node.

More formally, the algorithm proceedsas follows. Point featuresare coupledacrosseach
nodeadjacencyto givea crudeestimateof inter-imagebaselines.A Monte-Carlo expectation
maximization (MCEM) algorithm, basedon a projective uncertainty model and initialized
with a Hough Transform, simultaneously re�nes the baselineestimate, deweights outliers,
and tests whether low-level match additions or deletionsimprove the current estimate. All
inter-node baselineestimatesare assembled into a network-wide constraint set, and a global
optimization assignsnode positions consistent with all pairwise baselines.Finally, a global
rigid transformation is applied to expressthe node posein absolutecoordinates,maximally
consistent with the input position estimates.

1.2 Input Requiremen ts and Assumptions

To register a collection of images,our algorithm requiresthe following inputs:

� Accur ate intrinsic calibr ation. Imageshave beencorrectedfor radial distortion,
and pinhole cameraparameters(i.e., focal length, principal point, skew) are given.

� Accur ate extrinsic orientations. Scene-relative orientations and vanishing point
directions are supplied for each node [3].

� Rough camer a locations. Absolute (GPS-based)position estimatesfor each node
are supplied by the imageacquisition platform.

� Camer a adjac ency. For each node,a list of the node'sneighbors is given, identifying
cameraslikely to have viewed overlapping portions of the scene.

� Point featur es. For each image, sub-pixel point features,produced by intersecting
pairs of gradient-basedimageedges[12], are supplied.

In practice, the algorithm achievesregistration when the following conditions are met:

� No de �eld of view (F OV) is lar ge. Our algorithm can be applied to imageswith
any FOV. However, wide-FOV imagesare fundamentally more powerful observations
than conventional images:they provide maximal observationsof surroundingstructure;
disambiguate small rotations from small translations; reducebias in inference;and in
generalenablesmore reliable convergenceand higher accuracy.

� No des view overlapping scene featur es. The dataset has su�cien t density that
adjacent nodes observe overlapping scenegeometry (in this case,3D points). The
inter-node distancein our datasetsis typically about �fteen meters.
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1.3 Paper Overview

The remainder of the paper is structured as follows. Section 2 reviews projective feature
representations and geometricprobability. Section3 describesthe translation recovery algo-
rithm, and Section4 reports the result of applying the algorithm to various synthetic and
real datasets. Finally, Section5 reviewspreviouswork on imageregistration, and Section6
summarizesour contributions and results.

2 Preliminaries

This sectionreviewsthe representations of coordinate transformationsand uncertain projec-
tive featuresusedby the position recovery algorithm.

2.1 Extrinsic Pose

A rigid transformation, consisting of a 3 � 1 translation t and orthonormal rotation R ,
expressespoints pw in world spaceas points pc in cameraspace. Its inversespeci�es the
orientation and position of the camerawith respect to the scenecoordinate system. Formally,

pc = R > (pw � t ); pw = R pc + t (1)

wheret is the position of the focal point, and the columnsof R are the principal axesof the
cameracoordinate system,both expressedin scenecoordinates. Thesetwo quantities thus
summarizethe external poseof the camera. The algorithm in this paper assumesthat all
rotation matricesR (represented asunit quaternions)areknown, and addressesthe recovery
of t for each camera.

2.2 Pro jectiv e Poin ts

We represent points in the imageplane as coordinate pairs (u; v). Although the Euclidean
plane is a convenient spacefor feature detection, it is not ideal for feature representation: it
implies non-uniform sampling with respect to the focal point, and can not stably represent
rays nearly parallel to the image plane. This leadsto instabilit y and poor conditioning in
inferencetasks, especially when (as in our setting) the �eld of view is large.

Thus to represent point features we use the projective plane
� 2, a closed topological

manifold containing the set of all 3-D lines through the focal point. Points along any given
3-D line, except the focal point itself, constitute an equivalenceclass� :

p � r , p = � r ; (2)

where� is a real nonzeroscalarvalue. Becauseof the relationship in (2), the projective plane
is a quotient space on �

3 (minus the focal point) and alsoon the surfaceof the unit sphere
� 2, sometimesreferredto in the literature asthe Gaussiansphere [6]. The sphere'ssurfaceis
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an ideal spacefor representation of projective features,just as it is an ideal spacefor image
projection: it is closed,compact, and symmetric, and it provides uniform treatment of rays
from all directions.

Points in the Euclidean imageplane can be transformed to the sphereby augmentation
to homogeneous(projective) coordinatesand normalizing:

(u; v) ! p = (u; v; 1)> !
p

kpk
: (3)

We make useof the following duality betweenprojective points and lines: a given image
point p can be viewed as a pencil of image lines which contain, and thus intersect at, that
point. The parameterizationsl 1; l 2; : : : of such lines must satisfy p � l i = 0. This relationship
is depicted in Figure 1; we will return to it in x3.2.1.

3-D
Line

Projective Line

Projective
Dual

Image
Plane

3-D
Point

Antipode

Projective
Point

(a) (b)

Figure 1: Projective Image Features
(a) A 3-D line can be representedby a 2-D line in planar projection or a great circle in sphericalprojection.
Any point on the linemustbeorthogonalto the line'sdualrepresentation.(b) A 3-D point canberepresented
asa unit vector on the sphere,or asa pencil of linespassingthrough its projection.

2.3 Bingham's Distribution

Featuresviewed by a single cameraare inherently projective, since no depth information
is available. We wish to represent projective features with suitable spherical probability
distributions.

Exponential distributions are useful for inferencetasks [8], but the most commonlyused
multi-v ariate Gaussiandensity is a Euclideanprobability measureand is thereforenot suit-
able for projective variables. Conditioning a zero-meanGaussianvariable x 2 R 3) on the
event that kx k = 1 results in Bingham's distribution, a 
exible exponential density de�ned
on the unit sphere[10, 32, 56].

This distribution can be generalizedto arbitrary dimension, and is parameterizedby
a symmetric n � n matrix M , and diagonalized into the product M = U � U > , where
U 2 �

n� n is a real unitary matrix whosecolumns u i represent the principal directions of
the distribution and � 2 �

n� n is a diagonal matrix of n concentration parameters� i . The
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density is given by

p(x ) =
1

c(� )
exp(x > M x ) =

1
c(� )

exp

 
nX

i =1

� i (u >
i x )2

!

(4)

wherec(� ) is a normalizing coe�cien t that dependsonly on the concentration parameters.
We denotethis density by Bn (x ; � ; U ), or simply Bn (x ; M ), with the subscript n denoting
the dimensionof the space.The matrix M is analogousto the information matrix (inverse
of the covariance) of a zero-meanGaussiandistribution [45].

The Bingham density is antip odally symmetric, or axial: the probability of any point x
is identical to that of � x . It is closedunder rotations: if y = Rx , where R is a rotation
matrix and x hasBingham distribution Bn (x ; � ; U ), then y alsohasa Bingham distribution
givenby Bn (y ; � ; RU ). Finally, the Bingham representation is expressive: the concentration
parameters can describe a wide variety of distributions, including uniform, bipolar, and
equatorial.

We represent projective image featureson
� 2 as Bingham variables B3(�). In addition,

since unit quaternions are antip odally symmetric and de�ned on the surface of the unit
hypersphere

� 3, we represent rotational uncertainty by the Bingham variablesB4(�).

3 Position Recovery

Recovery of structure and motion from imageinformation encompassesseveral coupledprob-
lems: cameraregistration, feature correspondence,and determination of scenestructure. In
our setting, the input camerasare rotationally registered.This simpli�es the epipolar geom-
etry and reducesthe dimensionof the search space,but the couplingbetweencorrespondence
and translational poseremains. Our approach is to estimateboth correspondenceandposeas
probability densities,deferring commitment to deterministic valuesuntil global information
is assembled and propagatedthroughout the constraint network.

3.1 Overview

This sectiondescribesthe position recovery algorithm; a high-level diagram of the algorithm
is shown in Figure 2 below [4]. First, translation directions are estimated for all node
adjacenciesin the data set. A Hough transform e�cien tly �nds the most likely motion
direction in a given pair by looking for consistencyamongall possiblefeature matches. This
approximate direction serves to initialize an expectation maximization method whoseE-
step, which requiressampling from an extremely high-dimensionaldistribution, relies on a
Markov chain Monte-Carlo algorithm. This so-calledMCEM algorithm, presented in x3.4,
determinesthe best motion direction by averagingover all possiblecorrespondencesets.

Once all relevant pair-wise motion directions have beencomputed, they are assembled
into a global optimization that estimatesthe camerapositions most consistent with these
directions (x3.5). A �nal step, described in x3.6, performs rigid 3-D to 3-D registration on
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the resulting set of camerasto �nd the best metric scale,position, and orientation given the
approximate initial poseestimates.

Global
Registration

Global
Registration

Position
Optimization

Position
OptimizationMCEMMCEM

Geometric
Constraints

Geometric
Constraints

Hough
Transform

Hough
Transform

Point
Features

Orientations

Approximate
Baselines

Accurate
Baselines

Pose
Configuration

Final
Positions

Plausible
Matches

Figure 2: Translational Registration
Determiningconsistentpositionsfor all cameraswithout explicit correspondence.First, geometricconstraints
are imposedto reducethe number of possiblepoint matches.Next, a Houghtransform determinesapproxi-
mate baselinedirections,which are then re�ned probabilistically. A global optimization, constrainedby the
pair-wisedirections,producesconsistentcamerapositions. Finally, the camerasare registeredwith the initial
poseto recovermetric scale,orientation, and position.

3.2 Tw o-Camera Translation Geometry

Given two rotationally registered camerasA and B, and two sets of respective features
X = f x 1; : : : ; x N g and Y = f y 1; : : : ; y M g, the goal is to determine the direction of motion
b from A to B most consistent with the available data. This sectiondescribesthe simpli�ed
epipolar geometryresulting from known rotational poseand discussesgeometricconstraints
that may be usedto reject physically unlikely point matches. Given a set of explicit matches
within this framework, estimation of the direction of translation between a given pair of
camerasreducesto a projective inferenceproblem quite similar to that of single vanishing
point estimation.

3.2.1 Epip olar Geometry with Kno wn Orien tation

An epipolar plane P contains two cameracenters and a 3-D point seenby both cameras.
Projections of the 3-D point onto each of the images,x i and y j respectively, must therefore
also lie in P (seeFigure 3).

For rotationally registeredcameras,the following relation holds:

(x � y ) � b = 0: (5)

Intuitiv ely, the crossproduct of x with y is orthogonal to P, and thus necessarilyorthogonal
to the baselineb as well, since P contains b. Here, observations consist only of the 2-D
feature projections, and the baselineis unknown; however, (5) providesa constraint on b up
to unknown scale.This suggeststhat b canbeinferred solelyfrom two or morecorresponding
pairs of features.
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Figure 3: Pair Translation Geometry
The epipolar geometryfor two rotationally alignedcamerasis similar to the geometryof vanishingpoints.
(a) A single3-D point lies in an epipolar plane containing the baselineand any projective observationsof
the point. The epipolar line is analogousto an imageline feature. (b) The epipolar planesinducedby a set
of 3-D points forms a pencil coincidentwith the baseline.The normals of theseplanesthus lie on a great
circle orthogonal to the baselinedirection.

De�ne m ij � x i � y j . For the correct pairs of i and j |that is, for those (i; j ) couplets
in which feature x i truly matchesfeature y j |the constraint in (5) becomes

m ij � b = 0: (6)

If the m ij are viewed as projective epipolar lines, then the baselineb can be viewed as
a projective focus of expansion, and its antip ode the focus of contraction, the apparent
intersectionsof all epipolar lines.

3.2.2 Geometric Constrain ts on Corresp ondence

Both correspondenceand the baselineare initially unknown, sothe above constructionseems
hopelesslyunderconstrained.There are N M possibleindividual feature matches,and more
importantly, a combinatorial number of possiblecorrespondencesets that can be chosen,
making the search spaceenormous.

However, additional information can be used to drastically lower the dimensionof the
search space[43] both by reducing the number of featuresN and M in each image,and by
eliminating many of the candidatecorrespondences.The constraints presented hererely on
two assumptions: �rst, that each point feature represents the intersection of two or more
2-D line features;and second,that the baselineis known to lie within somerestricted region.
Boundson this region can be obtained using the roughly-known initial pose.

Knowledge of 3-D line directions and classi�cation of 2-D line features obtained from
rotational poserecovery both provide strongcuesfor featureculling andpoint correspondence
rejection. Presumably, objects consisting of parallel lines possesssu�cien t structure for
determination of translational o�sets; thus, imagefeaturesnot associated with any parallel
line setscan be safelydiscarded. In particular, lines having high \outlier" probability, along
with any point featuresinferred by theselines,aredeemedinvalid. Points inferred from lines
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shorter than a given threshold in Euclidean imagespacecan alsobe discarded,assuch lines
are unreliable.

A set of all possiblecandidate matches is constructed from the surviving sets of point
features. Each match is kept or discardedaccordingto the following criteria:

� Dir ections of constituent lines. If the 3-D point inferred by a given match truly
corresponds to the intersection of two or more 3-D lines, then the 3-D directions of
image lines forming a given image point x i should be identical to those forming the
point y j (Figure 4). Matchesm ij for which this condition doesnot hold are discarded.

� Baseline uncertainty bound. A given angular bound on the translation direction
inducesa conservative equatorial band within which all correct epipolar planenormals
must lie (Figure 5); any m ij outsidethis band is discarded,sinceit implies \sideways"
motion. Furthermore, any match for which y j is closerthan x i to b is alsodiscarded,
as such a match implies \backward" motion.

� Depth of 3-D point. If the angle betweenx i and y j exceedsa threshold, the 3-D
point inferred by the match (via triangulation) is too closeto the cameraor implies an
abnormally wide baseline.Thesematchesare thereforediscarded.

A B

C E

D

Figure 4: Line Constraints
Two imagesviewingthe samebuilding are shown, and possiblematchesfor a particular point featureA in
the �rst imageare considered.Point B is the true match, but C and D are alsoplausiblebecausethey are
formedby the intersectionof lineswhosedirectionsmatch thoseof the linesforming A. The directionsof the
linesforming E do not match thoseforming A, so E is rejected. Note that D is formedby the intersection
of three rather than two distinct line directions.

3.3 Inference of Translation Direction

This section describes methods for inferring the translation direction between a pair of
cameras,�rst assumingexplicit correspondenceis known, then relaxing this assumption. As
noted above, a given correspondencebetweenfeaturesx i and y j constrainsthe inter-camera
baselineb according to (5), and a set of such correspondencescan be used to estimate b.
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Figure 5: Direction Constraints
(a) Uncertainty in the baselinedirection inducesan equatorial band of uncertainty for epipolar lines. The
match between featuresx and y is plausiblebecauseit implies motion in the correct direction. (b) The
match betweenx and y 1 is rejectedbecauseit impliesbackward motion; the match with y 2 is alsorejected
becauseits epipolar line doesnot lie in the uncertainty band.

One method is by minimization of an objective function such as

E =
X

(i;j )2F

m ij � b; (7)

here, F is the set of F pairings (i; j ) that represent the true matches. The optimal least-
squaresbaselinedirection can be found by constructing an F � 3 matrix A whoserows
contain the feature crossproducts m ij , then choosing the eigenvector associated with the
smallesteigenvalue of A > A .

Projective fusion techniquescan be usedto estimate the probability density of b. Recall
from x1.2 that each point feature in the imagerepresents the intersectionof two imagelines,
each of which is an uncertain equatorially-distributed Bingham variable with known param-
eters. Bingham uncertainty in the intersection can be determined by fusing the two lines,
so that the parametersof each imagepoint's distribution are known. Each correspondence
betweenrandom variablesx i and y j in turn inducesan epipolar line m ij , whoseequatorial
Bingham distribution can be determinedby fusion of x i and y j .

The problemthat now remainsis to determinethe distribution of b givena setof epipolar
line observations m ij (for (i; j ) 2 F ) with known uncertainty.

3.3.1 Motion Direction from Kno wn Corresp ondence

If true correspondencesbetween the feature setsX and Y are known, the parametersM �

of the baselinedistribution can be inferred accordingto the fusion equation

M � =
X

(i;j )2F

M ij + M 0 (8)

whereM ij represents the uncertainty of the epipolar line m ij , M 0 is the prior distribution
on b, and the sum is taken only over indicesassociated with the true matches. Equivalently,
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inferencecan be performed by associating a binary-valued variable bij with every possible
correspondence,where

bij =
�

1; if x i matchesy j

0; otherwise.
(9)

The Bingham parametersof b can then be determinedby

M � =
MX

i =1

NX

j =1

bij M ij + M 0; (10)

wherethe new sum is evaluated over every possible(i; j ) pairing.

3.3.2 Motion Direction from Probabilistic Corresp ondence

Becausemotion directions and point featuresare uncertain quantities, and becauseof am-
biguities in epipolar geometry that may arise from particular viewpoints, hard or explicit
correspondencecannot always be determined. Thus, in the more generalcase,continuously-
valued variableswij 2 [0; 1], rather than binary-valued variablesbij 2 f 0; 1g, can be applied
to the observations m ij , e�ectively representing the probability that feature x i matches
feature y j .

Inferenceof b in this weighted formulation becomes

M � =
MX

i =1

NX

j =1

wij M ij + M 0; (11)

with more emphasisgiven to matcheswith higher likelihood. Note that the binary variables
bij represent the deterministic limit of the wij in this probabilitic formulation.

3.3.3 Feature Matc h Weights

In reality, each featureobserved in oneimagehasat most onetrue match in the other image.
A true match existsonly if the featureobservation correspondsto a real 3-D point, and if its
counterpart in the other imageis visible; otherwise,the feature hasno matches|either it is
itself spurious,or its match is unavailable (e.g. occludedor otherwisemissedby detection).

In the caseof binary variables,the above condition can be enforcedby requiring that at
most onebij for every i and at most onebij for every j is equal to one,and that the rest are
equal to zero. More formally,

NX

j =1

bij � 1 8i
MX

i =1

bij � 1 8j: (12)

Inequality constraints are mathematically inconvenient, however; thus, the \n ull" features
x 0 and y 0 are appended to X and Y, respectively, and the inequality constraints of (12)
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becomeequality constraints via the introduction of binary-valued slackvariablesbi 0 and b0j

[16], which take value one if x i (or y j , respectively) matches no other feature, and zero
otherwise. Thus,

NX

j =0

bij = 1 1 � i � M
MX

i =0

bij = 1 1 � j � N: (13)

To ensurevalid weights wij in the probabilistic case,an analogouscondition must be
satis�ed:

NX

j =0

wij = 1 1 � i � M
MX

i =0

wij = 1 1 � j � N: (14)

This condition enforcesa symmetric (two-way) distribution over all correspondences:each
feature in the �rst imagecan match a set of possiblefeaturesin the secondimage,with the
weights normalizedso that they sum to one,and vice versa.

The set of weights can alsobe represented by an (M + 1) � (N + 1) matrix W (or B , in
the binary case),whoserows represent the featuresX , whosecolumnsrepresent the features
Y, and whoseindividual entries are the weights themselves(Figure 6). The condition in (14)
is then equivalent to the requirement that the weight matrix be doublystochastic, i.e. that
both its rows and its columnssum to one.

N

M

N+1

M+1

Matches

Outliers

Don't
Care

(a) (b)

Figure 6: Augmented Match Matrix
The match matrix encodescorrespondencesbetweenfeaturesin two di�erent images. (a) An exampleof
a binary match matrix. Rows representfeaturesin the �rst camera,and columnsrepresentfeaturesin the
second.Therecanbe at most onenon-zeroentry per row andper column. (b) The augmentedmatrix, with
an extra row and columnto accountfor outliersand missingfeatures. In the augmentedmatrix, there must
be exactlyonenon-zeroentry in eachof the �rst M rows and N columns.

3.3.4 Initialization: Obtaining a Prior Distribution

Becausemotion direction and correspondenceare tightly coupled,it is di�cult to determine
thesequantities without prior information. However, as this section will demonstrate,uti-
lization of initial poseestimatesand the geometricconstraints introduced in x3.2.2 allows
reasonablyaccurateestimatesof b to be obtained without knowledgeof correspondence.
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Let M represent the set of all plausiblecorrespondences(epipolar lines) betweenX and
Y, and let the special subsetM 0 2 M contain only the F true matches. If all lines in M
are drawn on

� 2, thosein M 0 (in the absenceof noise)will intersectperfectly at the motion
direction b, and the remainder (which represent false matches) will intersect at random
points on the sphere.

Figure 7: Hough Transform for Baseline Estimation
Two examplesof Hough transforms for baselineestimation. Epipolar lines for all plausiblematchesare
accumulated;the transform peak representsthe baselinedirection.

In essence,the point of maximum incidenceon
� 2 is the most likely direction of motion.

This point can be found by discretizing
� 2 and accumulating all candidateepipolar lines M

in a Hough transform. Sincethe motion direction is approximately known from initial pose
estimates,the transform needonly be formulated over a small portion of the sphere'ssurface
around this initial direction. Examplesare shown in Figure 7.

The motion direction b0 can be determined as the peak in the transform with highest
magnitude. False correspondencesgreatly outnumber true correspondences,however, be-
causethere are M N possiblematchesand only F (at most min(M ; N )) true matches. The
desiredpeak may therefore be obscuredby spurious peaksarising from certain geometric
anomalies.For example,a point feature in oneimagelying very closeto the initial direction
of motion can match many features in the other image, thus producing a perfectly sharp
falsepeak if all matchesare equally weighted (Figure 8).

To solve this problem, a mutually consistent set of weights wij must be assignedto the
epipolar lines in M such that featureshaving many possiblematchesare de-emphasized.In
order to ensurethat the condition in (14) is satis�ed, an iterativ e normalization procedure
proposedby Sinkhorn [47, 16] is utilized to transform an initial (invalid) match matrix into
a valid doubly stochastic matrix.

First, the matrix W is set to zero;entries for matchessatisfyingthe geometricconstraints
of x3.2.2,aswell as all entries in row M + 1 and column N + 1, are then assignedan initial
value of one. Sinkhorn's algorithm alternatively normalizes the rows and columns until
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Figure 8: False Hough Transform Peaks
(a) Falsepeaks in the Hough transform can be causedby featurestoo closeto the direction of motion,
which havemany matchesand thus producehigh-incidenceregions. (b) An examplein which falsepeaks
are evident. (c) The sameexampleafter normalization.

convergenceas follows:

w0
ij = wij

,
NX

j =0

wij 8i 2 f 1; : : : ; M g; w00
ij = w0

ij

,
MX

i =1

w0
ij 8j 2 f 1; : : : ; N g:

Each entry in the matrix is normalized by the sum of entries in its row; each entry in the
resulting matrix is then normalized by the sum of entries in its column, and so on. The
algorithm producesa provably unique factorization W 0 = D 1W D 2 [47], such that W 0 is
doubly stochastic. The new matrix doesnot represent the \correct" distribution, becauseit
is somewhatarbitrarily initialized, but it provides a useful approximation for the purposes
of the Hough transform technique described above.

For a planar accumulation space,each linear constraint of the form in (5) contributes
a single straight line to the transform. Thus, oncea set of weights has been obtained by
the above method, the epipolar lines are accumulated, and when drawn, their accumulation
valuesare weighted by the appropriate value wij . This normalization to a valid probability
distribution over correspondencesdramatically improves the coherenceof the true motion
direction (Figure 8c).

Although accuracyis inherently limited by the discretenature of the Hough transform,
the resulting motion direction estimateb0 canbe usedto initialize moreaccuratetechniques.
Further, it can be usedas a strong prior distribution (with parametersM 0 in the notation
of x3.3) in subsequent inferencetasks. The matrix M 0 is obtainedby usinga bipolar scatter
matrix approximation on the region surrounding the peak.

3.4 Mon te Carlo Exp ectation Maximization

In general,true feature correspondenceis completelyunknown; feature point measurements
and uncertainty serve asthe only available information for inferenceof motion. This section
outlines a method for determining accuratemotion estimatesfrom this information alone,
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without requiring explicit correspondence,by employing an expectation algorithm in which
the posterior distribution is discretely sampled.

Using maximum likelihood notation,

b� = argmax
�

[p(bjM )] (15)

The conditional probability above can be expandedusing Bayes' rule:

p(bjM ) =
X

�

p(b; B jM ) =
X

�

p(bjB ; M )p(B jM ) (16)

where B is a valid binary-valued correspondencematrix, and p(B jM ) is the prior distri-
bution on the correspondenceset. This prior distribution is assumedto be uniform, but
can equally well incorporate the geometricmatch constraints of x3.2.2. Note also that the
likelihood is expressedasa summation rather than an integration, becausethe collection of
all possiblecorrespondencesetsis discrete.

3.4.1 Structure from Motion without Corresp ondence

The expressionin (15) suggeststhat the optimal estimate of the motion direction b can be
found without using explicit correspondence, by maximizing p(bjM ) alone [21]. Correspon-
dencesetscan be treated as nuisanceparametersin a Bayesianformulation, as illustrated
by (16), in which the likelihood is evaluated over all possiblematricesB .

The expectation maximization algorithm lends itself well to this type of optimization
problem. The algorithm alternates between the M-step, in which a log likelihood function
is maximized given a posterior likelihood, and the E-step, in which the likelihood function
is evaluated given the current parameterestimateb. Convergenceto the optimal solution is
guaranteedbecauseof the initial estimateprovided by the Houghtransform approach above.

The log likelihood to be maximized is

L =
X

�

p(B jb; M ) logp(bjB ; M ): (17)

Substitution of (10) into (17) gives

L /
X

�

p(B jb; M )
MX

i =1

NX

j =1

bij b> M ij b + b> M 0b (18)

Now, de�ne wij as the marginal posterior probability of match bij , regardlessof the other
matches;that is,

wij � p(bij = 1jb; M ) =
X

�

� (i; j )p(B jb; M ); (19)
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then (18) becomes

MX

i =1

NX

j =1

wij b> M ij b + b> M 0b: (20)

Maximization of (20), given the set of weights wij , can be easily performed using the
technique described in x3.3.2; however, determination of the wij is not so straightforward.
Individual matchesare not mutually independent, becauseknowledgeabout onematch pro-
vides knowledgeabout others. For example,given that bij = 1, it must be true that

bik = 0 8k 6= j; (21)

which follows from the implicit constraints in (13). The condition for independenceis thus
violated, because

p(bik = 1jbij = 1; b; M ) = 0 6= p(bik = 1jb; M ); (22)

and the joint likelihood p(B jb; M ) cannotbe factored. Preciseevaluation of (20) apparently
requiresevaluation of (18), a di�cult task due to the combinatorial number of terms. How-
ever, the following sectionsdemonstratethat the wij can be evaluated e�cien tly by Monte
Carlo sampling.

3.4.2 Sampling the Posterior Distribution

Markov chain Monte Carlo (MCMC) algorithms are useful for evaluating sumsof the form
in (18). In this context, each possiblebinary match matrix B k represents a distinct state;
randomtransitions betweenstatesoccuruntil transitions equalizeandsteadystate is reached.
If the transition likelihoods are appropriately chosen, then the steady-state probabilities
represent the distribution on correspondencematrices B .

Our approach combines Metropolis sampling [38], which ensuresappropriate transition
probabilities, with simulated annealing[34], which allows relative likelihood maxima to be
avoided by visiting a larger portion of the samplespace.The approach can be summarized
as follows:

Start with initial temperature T = T0

Loop until T � 1 (E-step):
Set k = 0
Start with valid state B 0

Compute initial parametermatrix M 0

Compute initial likelihood coe�cien t c(M 0)
Set A = 0
Loop until k su�cien tly high (steady state):

Randomly perturb state to ~B
k

Evaluate the likelihood ratio �
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If � � 1 then keepnew state
Elsekeepnew state with probability � 1=T

If new state kept then

Set B k+1 = ~B
k

Compute M k+1 and c(M k+1 )
Elseset B k+1 = B k

Set A = A + B k+1

Set k = k + 1
Set W = A =k
Solve for new b given W (M-step)
Set T = � T (for 0 < � < 1)
Set n = n + 1

The likelihood function used to compute � (i.e., the ratio of the new likelihood to the
old) is

p(B k jb; M ) = c(M k) exp
�
b> M kb

�
= c(M k) exp

"

b>
MX

i =1

NX

j =1

bk
ij M ij b

#

(23)

whereb is taken asthe polar direction of the current baselinedistribution estimate. E�cien t
calculation of � is described in x3.4.4.

In a particular E-step loop, A is an (M + 1) � (N + 1) accumulation matrix that counts
the number of visits to each state. W is a valid matrix of marginal probabilities (weights)
wij obtainedby averagingall state visits. The initial temperature T0 is set to a relatively low
value; high initial temperaturesserve to explorelarger regionsof the parameterspace,which
is unnecessarybecausethe Hough transform providesa reasonablyaccurateinitial estimate
b0. The valueof T0 is chosenaccordingto uncertainty boundson b0, and is typically between
1:5 and 2:0 in practice.

The MCMC algorithm requiresa valid starting state, and random state perturbations
that satisfy detailed balance(meaning e�ectively that every valid state is reachable from
every other valid state). Thus perturbations must be de�ned which can visit the entire state
space.Theseperturbations are described in the following sections.

3.4.3 Matc h Perturbations

For the casewhere B k is a squarepermutation matrix (i.e. all features are visible in all
images),Dellaert proposessimpleswap perturbations, sothat B k+1 is identical to B k except
for a singlerow (or, equivalently, column) swap. It canbeproven that all statesarereachable
using theseperturbations. When the number of visible 3-D featuresis unknown, however,
and whenoutliers and occlusionare present, detailed balanceis no longersatis�ed by simple
match swapping, becausesuch swapping preserves the number of valid matches; therefore,
stateswith greater or fewer matchesthan the current state are never reached.
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WegeneralizeDellaert's technique, in the two-cameracase,to handlean unknown number
of visible 3-D features,and also to handle outliers and occlusion. The state matrix B and
the probability matrix W are each augmented with an extra row and column (x3.3.3) to
represent an appropriate state space(i.e. to account for featureshaving no matches). Novel
perturbations in addition to row and columns swaps are also introduced which allow all
statesto be visited.

(a) (b)

Figure 9: Row and Column Swaps
(a) Two rows of the match matrix, includingoutliers,are interchanged.(b) Two columnsare interchanged.

In particular, to allow the number of valid matchesto change,two complementary oper-
ations are proposed.The split perturbation converts a valid match into two outlier features,
and the mergeperturbation joins two outlier featuresinto onevalid match. Figure 10depicts
theseoperations in terms of the correspondencematrix B .

(a) (b)

Figure 10: Split and Merge Perturbations
(a) A valid correspondenceis split into two outliers, thus reducingthe number of valid matchesby one. (b)
Any two outlierscanbe mergedinto a valid correspondenceto increasethe number of valid matchesby one.

3.4.4 E�cien t Sampling

The samplingalgorithm outlined above seemsat �rst to be computationally expensive, espe-
cially for the large state matrices typical of real imagescontaining many features. However,
threeoptimizations canbeapplied to signi�cantly improve the algorithm's performance.The
majorit y of any given state matrix is zero; in fact, out of M N possibleentries, a maximum
of N + M � 1 are non-zero(this corresponds to the casewhere all features are outliers).
Thus the �rst optimization is to usesparsematrix representations for B and for state per-
turbations. Becauseof the geometric match constraints from x3.2.2, many con�gurations
B are invalid. Thus, the secondoptimization is to consideronly those state perturbations
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involving valid matches.
The �nal optimization involvescomputation of the likelihood ratios � . Each perturbation

represents only an incremental changein the state that involvesat most four entries in B .
The exponential form of the likelihood function in (23) facilitates computation of ratios:

� =
p( ~B

k
jb; M )

p(B k jb; M )
=

c( ~M
k
) exp

h
b> ~M

k
b
i

c(M k) exp
�
b> M kb

� =
c( ~M

k
)

c(M k)
exp

h
b> ( ~M

k
� M k)b

i
: (24)

In the caseof swapping two rows, say row m which contains a one in column n and row
p which contains a one in column q, most terms in the sum of (23) remain unchanged;only
the entries bmn , bpq, bmq , and bpn di�er. The new parametermatrix is given by

~M
k

= M k + M mq + M pn � M mn � M pq; (25)

which involvesonly four newterms that canbecomputedfrom the current parametermatrix.
Split and mergeperturbations have equally simple incremental computations,sincethey

also involve only a few entries of B k . If a valid correspondencebmn is split, then the new
parametermatrix becomes

~M
k

= M k � M mn ; (26)

if two outliers are merged,the new parametermatrix is

~M
k

= M k + M mn : (27)

Incremental computation of the di�erence ( ~M
k

� M k) in (24) is thus straightforward.

3.5 Multi-Camera Metho d

Translations recovered between camerapairs are merely directions, and thus can only be
determinedup to unknown scale.This sectionillustrates how baselinedirections can be as-
sembled into a setof constraints on camerapositionsand usedto recover a globally consistent
posecon�guration.

3.5.1 Baseline Constrain ts

Only the directions (not distances)betweenadjacent nodesandroughinitial camerapositions
are known. We employ an iterativ e algorithm that updates each node's position p i using
constraints imposedby its associated baselines.

At each iteration, the list of all nodesis traversedin random order. For a given node i ,
a set of constraints is assembled by constructing rays originating at the current positions p j

of its neighbor nodesand emanating in the direction of the estimated baselinesbj i (Figure
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(a) (b)

Figure 11: Assembling Translation Directions
(a) After motion directionsare estimatedbetweenall relevantcamerapairs, camerapositionsare still un-
known. (b) A posecon�guration consistentwith all motion directionscan be determined.

p1'

p2

p3

p4

b21
b31

b41

Figure 12: Single Node Baseline Constraints
A node's position is constrainedby adjacentpositionsand baselines.

12). The new position p0
i for node i is chosento minimize the mean-squaredistanceto each

baselineray. In the absenceof baselineuncertainty, p0
i can be determinedaccordingto

p0
i =

� X

j
(I � bj i b

>
j i )

� � 1 � X

j
(I � bj i b

>
j i )p j

�
: (28)

Uncertainty in baselinedirections can be incorporated by replacing bj i b
>
j i in (28) with the

second-moment matrix of the baseline'sBingham density. Uncertainty in p0
i , in the form of

a 3 � 3 Euclideancovariancematrix, is approximated by the inversematrix in (28).

3.6 Metric Registration

Poseestimatesrecovered using the methods of x3.5 are globally consistent relative to each
other. However, they residein a locally de�ned and somewhatarbitrary coordinate system
that doesnot necessarilycorrespond to the metric spaceof the scene.A rigid transformation
consisting of translation, rotation, and scalecan expresscameraposewith respect to any
desiredcoordinate systemwhile preservingthe local relationshipsamongcameras.

The sensorproduces pose estimates in an absolute (Earth-relativ e) coordinates [11].
Theseestimatesprovide a ground-truth referenceframe to which the cameracon�guration is
�nally registered.We assumethat the sensorestimatesare unbiased,so that the Euclidean
transformation that best �ts recoveredcamerapositionsto initial camerapositionsproduces
an optimal poseassignment.
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3.6.1 Absolute Orien tation

This section outlines the approach to absolute orientation, or 3-D to 3-D registration, as
proposedby Horn [30]. The goal is to �nd the translation, rotation, and scalethat best align
the N recoveredcamerapositions,or sourcepoints x i , with the N initial positions,or target
points y i .

(a) (b) (c) (d)

Figure 13: Metric Registration Process
A two-dimensionaldepictionof metric registration. (a) The original con�guration is shifted so that the two
centroidscoincide.(b) Rays from the centroid to eachcamerarotationally aligned. (c) The optimal scaleis
computedand applied. (d) The �nal con�guration.

First, each point set is translated so that its centroid is coincident with the origin. A
new set of points is thus de�ned so that

~x i = x i � x 0; ~y i = y i � y 0 (29)

where

x 0 =
1
N

NX

i =1

x i ; y 0 =
1
N

NX

i =1

y i : (30)

This allows rotation and scaleto be applied relative to the sameorigin, namely the centroid
x 0 and y 0 of the two 3-D point sets.

The sourcepoints are then rotated by a matrix R to optimally align the rays through the
points ~x i and ~y i originating at x 0 and y 0, respectively, asshown in Figure 13. The rotation
R is estimated using the deterministic two-camerarotation method described in [3]. Next,
the optimal scalefactor s is computedas

s =

s P N
i=1 ~y i � ~y iP N
i=1 ~x i � ~x i

: (31)

Finally, the points are shifted from the origin back to the target points' centroid y 0. The
overall transformation acting on the sourcepoints is thus given by

g(x i ) = sR (x i � x 0) + y 0

= sRx i + t (32)
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wheret = y 0 � sRx 0. This is consistent with the derivation in [30].
Probabilistic transformationsare not necessaryherebecausethe target positionsare not

ground-truth quantities. However, the previously estimatedposeuncertainty must undergo
a similar set of transformations, described in the next section.

3.6.2 Transforming Uncertain t y

Modi�cation of the cameraposenecessitatesappropriate modi�cation of its uncertainty. Let
x be the position of a given camerabeforemetric registration, with uncertainty described
by a Gaussianrandom variable with mean at x and with covariancematrix � � , and let y
represent the camera'sposition after registration. From (32),

y = sRx + t : (33)

The new covarianceis then given by

� � = hyy > i � hy ihy > i

= h(sRx + t )(sx > R > + t > )i � (sR hx i + t )(shx > i R > + t > )

= s2R hxx > i R > � s2R hx ihx > i R >

= s2R � � R > (34)

and is thereforeindependent of the translation t .
Camera orientation is not a�ected by pure translation or scale; thus, rotational pose

uncertainty is altered only by the rotation R . A given camera'sorientation is represented
by a unit quaternion q, which is a Bingham random variable B4(q; � ; U ). Intuitiv ely, the
concentration parameters� should remain unchangedby the rotation; however, the orthog-
onal columnsof U , each of which is a distinct quaternion, should be transformed by R . A
quaternion acts on another quaternion asa matrix multiplication; thus, the new orientation
quaternion ~q is then given by ~q = Qq, where Q is a 4 � 4 matrix representing R . The
samematrix can be usedto transform the columnsof U , resulting in a new random variable
distributed as B4(~q; � ; QU ).

3.7 Asymptotic Running Time

The running time of the translational registration algorithm is O(n), or linear in the number
of input nodesn. Note that the number of adjacenciesin the node graph is linear in n, since
every node hasat most a constant number neighbors in the graph. The algorithm's pairwise
baselineestimation stagethereforerequiresO(n) time per iteration. In practice a few dozen
iterations su�ce for convergence.

3.8 Limitations

The algorithm has several limitations. It requires useablepoint features from a feature
detector. It relies on pairwise baselineestimates,so can be unstable for degenerateinput
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con�gurations, or incorrect nodeadjacencies.The algorithm's assumptionthat nearby nodes
are likely to have observed overlapping scenestructure may be faulty, for examplewhen two
nodeslie on opposite sidesof a thin building.

3.9 Summary of Position Recovery

This section presented a sequenceof steps for the recovery of metrically aligned camera
positions given known orientations and scene-relative 3-D line directions. First, camera
adjacenciesare determined from the approximately known initial pose. For each adjacent
camerapair, a direction of motion is determined. Geometricconstraints are imposedwhich
drastically reducethe number of putativ e point featurematches,after which a Hough trans-
form determinesthe most likely motion direction by consideringall matchessimultaneously.
A MCEM algorithm then alternately re�nes the motion direction and computesprobabilistic
correspondenceby sampling over all correspondencesets.

All two-cameramotion directionsareassembled into a setof linear constraints on camera
positions,which is iterativ ely solved to producea globally consistent posecon�guration. Fi-
nally, this con�guration is rigidly transformedfor metric alignment with the original camera
poseusing a classical3-D to 3-D alignment technique. The end result is a set of consistent
camerapositions and orientations, as well as estimatesof their uncertainty.

4 Exp erimen ts

We implemented the position registration algorithm in roughly 5,000 lines of C++ code,
and instrumented its performanceon a 250MHzSGI O2 with 1.5Gigabytes of memory. This
sectionassessesthe algorithm's end-to-endperformanceusing several objective metrics, on
both synthetic and real data. We give comparisonsto ground truth for synthetic data, and
use a variety of application-speci�c consistencymeasuresfor real data (where no ground
truth is available).

4.1 Synthetic Data

This sectiondescribesa seriesof experiments on synthetic data.

4.1.1 Tw o-Camera Baseline Recovery

We assessedthe algorithm's recovery of pairwisebaselinesby randomly generating3-D point
featuresand projecting them into the cameras.We introducedcontrollable projection noise
using bipolar Bingham distributions, and a number of random outlier observations.

Figure 14 plots the accuracy of baselinerecovery as feature noise, outlier percentage,
rotation error, and the number of featuresare varied. We perturbed the true baselineby a
random anglewith variance� 2 and usedan uncertainty bound of 3� .
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Figure 14: Accuracy of Baseline Estimation
Accuracyof baselinerecoverywith varying inputs. Error varies roughly linearly with feature noise(upper
left). Error is roughly insensitiveto the number of outliers (upper right). Error increasesrapidly with the
error in suppliednode rotations (lower left), but eventuallyplateausat the explicit bound imposedon the
baselinedirection (x3.2.2). Error decreaseswith increasingnumber of samplepoints (lower right).

The recoveredbaselineestimatesare robust even againstextremely high outlier percent-
agesdue to the Hough transform initialization. The technique does not fare so well with
error in suppliedinput rotations, becausethe epipolar formulation fundamentally dependson
accuratecameraorientations. Intuitiv ely, poor node rotations \scatters" the accumulation
of epipolar lines.

We assessedthe MCEM component of the algorithm by visualizing the match probability
matrix (x3.4.2) at di�erent stagesof its evolution (Figure Figure 15). The match matrices
producedby MCEM do not perfectly capture feature correspondencewhen signi�cant noise
is present. However, this correspondenceis never explicitly required, since the end-to-end
performancemeasureis baselineaccuracy(Figure 17).

Finally, we comparedthe baselinedirection estimatesobtained by the MCEM algorithm
to those produced by a deterministic Iterated Closest Point (ICP) method (Figure 16).
The ICP algorithm is identical to the MCEM algorithm, except that instead of estimating
probabilistic match weights at each E-step, ICP determinesthe set of \b est" explicit (i.e.,
binary) matchesgiven the current baselinedirection. MCEM consistently outperformsICP,
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(a)

(b)

Figure 15: Evolution of MCEM Match Probabilit y Matrix
Evolutionof the match matrix as the MCEM algorithm proceeds.(a) Successiveiterations for point feature
noiseof 0:05� ; correspondenceis perfectly recovered.(b) Iterations for point feature noiseof 0:5� ; a few
featuresare misclassi�ed.

exhibiting lesserror as both feature noiseand the number of outliers increases.
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Figure 16: Baseline Recovery with MCEM and ICP Metho ds
Baselinerecoveryerror is plotted for the (stochastic)MCEM and (deterministic) ICP methods asa function
of increasingfeaturenoise(left) and outlier percentage(right). MCEM outperforms ICP in both cases.

4.1.2 Global Registration

We assessedthe accuracyof the global registration stage,which determinesa consistent set
of node positions given all inter-camera baselinedirections. We generateda collection of
camerapositions (and thus known baselines)randomly, then perturbed the baselinesby a
Bingham noiseprocesswith controllable parameters.We then recoveredan end-to-endpose
assignment and comparedthe recovered and initial \true" node positions (Figure 17). As
expected,position recovery error grows with the amount of baselineperturbation. Recovery
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error doesnot decreasesigni�cantly with the total number of cameras,sinceonly a constant
number of constraints (one for each adjacency)are usedto determineeach node position.

10
-3

10
-2

10
-1

10
0

10
1

10
-4

10
-3

10
-2

10
-1

10
0

Error in Final Positions

Baseline noise (degrees)

P
os

iti
on

 e
rr

or

5 cameras
20 cameras
100 cameras

10
1

10
2

10
3

10
-3

10
-2

10
-1

10
0

10
1

Error in Final Positions

Number of cameras

P
os

iti
on

 e
rr

or

0.05o noise
0.1o

0.5o noise
1.0o noise

Figure 17: Error in Global Position Recovery
Error in globalposition recovery, asa function of baselineerror (left) and number of nodes(right).

4.2 Real Data

We assessedthe end-to-endperformanceof the registration method for several real datasets
acquiredas part of the overall model capture project. In lieu of ground truth, which is not
available in generaland may bedi�cult or impossibleto obtain, we formulated and evaluated
a variety of consistencymetrics. We report the following quantities for each dataset:

� Data size. We tabulate the number of rectangular images(\Images"), the number
of omni-directional nodes(\No des"), and the number of imagesper node. We report
the averageand total number of point featuresdetected(\P oints"). Finally, we report
the number of adjacent camerapairs (\No de Adjacencies") and the averagedistance
betweenadjacent cameras.

� Computation time. We report averageand total running times for each stageof
position recovery, excluding �le I/O.

� A ngular and positional o�sets . We report the averageand maximum di�erence
(\T rans O�set") betweeneach node's initial position (from the input) and its output
position (assignedby our algorithm). These quantities allow us to assessboth the
quality of the system'sinitial poseestimates,and the robustnessof the position recovery
methods to initial poseerror.

� End-to-End position err or. Wereport uncertainty estimatesfor the recoverednode
positions(\T ransBound") by evaluating the averageand maximum sizesat which 95%
con�denceboundsare reached for the recoveredGaussiandensities.

� Featur e consistency. Weassessedend-to-endfeatureconsistencyby converting each
MCEM match probability matrix to a binary match matrix. Each match probability
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exceedinga threshold (corresponding roughly to 80% probability) was interpreted as
an unambiguous match, and its constituent point featureswere examinedusing two
error measures.We tabulate the averageand maximum 3-D distance(in centimeters)
betweenrays extruded from each node through the point feature (\3-D Ray Error"),
and the averageand maximum 2-D distance(in pixels) betweeneach point featureand
its epipolar line in the other node (\2-D Epi Error").

4.2.1 Technology Square Data Set: Consistency of Pose Recovery

The TechnologySquaredata set consistsof 81 nodesspanningan areaof roughly 285by 375
meters(Figure 18). Our orientation alignment algorithm [3] registered75 (or roughly 92%)
of the 81 nodes;6 nodeswere discardeddue to insu�cien t vanishing point information. Of
these75 nodes,the baselinerecovery algorithm registeredall 75 successfully.

Figure 18: TechSquare Node Con�guration
Node positionsandadjacenciesfor the TechSquare data set. The averagebaseline(for 5 nearest neighbors)
was30:88 meters.

For this data set,our algorithm correctedinitial translation errorsof nearly seven meters,
producing node poseconsistent on averageto 0:072� of orientation, 5:6 cm of position, and
1:22 pixels. The maximum poseerror for any node was 0:098� of orientation, 11:0 cm of
position, and 5:71 pixels. Total CPU time was just under three hours.

Data Per Per
Type Image Node Total

Images | 48 3899
Point

Features 227 10,958 887,598
Nodes | | 81

Node Ad-
jacencies | | 189

Per Pair Total
BaselineHough 8.1 s 25 m 31 s
BaselineMCEM 45.3s 2 h 23 m

Global Opt | 0 m 53 s
Total 53.4s 2 h 49 m

Table 1: TechSquare Data Size, and Computation Times by Stage
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Average Maximum
Rot

O�set 1.53� 17.18�

Rot
Bound 0.072� 0.098�

Trans
O�set 0.70m 6.70 m
Trans

Bound 5.6 cm 11.0 cm

Average Maximum Std. Dev.
3-D Ray
Distance 9.6 cm 12.4cm 3.3 cm
2-D Epi

Distance 1.22pixel 5.71pixel 2.33pixel

Table 2: Tech Square: 3-D and 2-D (Epip olar) Consistency

4.2.2 Technology Square Data: Comparison to Man ual Pose Recovery

A manually generatedposesolution wasavailablefor this dataset[18], enablingusto compare
manual and automatic poserecovery techniques. Entering �v e or more point matches by
hand for each of roughly 200 adjaciences,expending only one minute per match, would
require about 16 hours of human e�ort; thus the student operator omitted many point
matches,producing a merely convergent (but not stable) constraint set. Figure 19 compares
epipolar geometryfor manual and automated poserecovery.

Manual Automatic

Figure 19: TechSquare Epipolar Geometry Comparison I
A point featurein oneimageandits correspondingepipolar line in anotherimage,ascomputedusingcameras
generatedby manualcorrespondence(bottom middle) vs. our automatic method (bottom right). Note the
error in the manualsolution, in this casedue to insu�cient manually-enteredmatch constraints.

Figure 20 comparesepipolar geometry for a window corner from a repeating seriesof
windows obscuredby foliage. Again, the manual solution haspoor epipolar geometry, since
the human userdid not enter this particular match constraint. We observe that it is plainly
impossibleto match thesewindow cornersgiven only this pair of images, due to the limited
cameraFOV; even for the omni-directional imagepair, human operators �nd it di�cult or
impossibleto match window cornersdue to the severe clutter from foliage obscuringmost
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individual views. Our algorithm succeedswherethe human fails by combining many omni-
directional observations of many point features,and iterativ ely reweighting match probabil-
ities until a self-consistent set emerges.

Manual Automatic

Figure 20: TechSquare Epipolar Geometry Comparison II
A featurewhosematch is di�cult for a humanoperator to identify. Epipolar geometryis shown for manual
(bottom middle) and automated(bottom right) posesolutions.Note the error in the manualsolution.

4.2.3 GreenBuilding Data Set (30 nodes)

We identi�ed a small node set with particularly noisy initial pose, in order to test the
robustnessof the automatic techniques with respect to initial poseerror. These30 nodes
spannedan area of roughly 80 by 115 meters (Figure 21); all were successfullyregistered
rotationally and translationally (i.e., end-to-end).

Figure 21: GreenBuilding Node Con�guration
Node locationsand adjacenciesfor the GreenBuildingdata set. The averagebaselinewas15:61 meters.

The rotational registration stage corrected initial orientation errors of 6:83� . For this
data set, our algorithm corrected initial translation errors of nearly six meters, producing
node poseconsistent on averageto 0:067� of orientation, 4:5 cm of position, and 2:21 pixels.
The maximum poseerror for any node was0:12� of orientation, 8:1 cm of position, and 4:17
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pixels. Total CPU time was just over onehour.
The GreenBuilding node set had particularly noisy initial height estimates(Figure 22),

so we studied the algorithm's abilit y to recover consistent node height (or z).

Figure 22: GreenBuilding Height Corrections
(a) A horizontal view of the node topologybefore posere�nement. All nodeswereacquiredat roughly the

sameheightabovethe ground;noisyGPScausedpoor initial z estimatesfor the nodes. (b) After re�nement,
most of the height variation hasbeencorrected.

Evenfor nearby 3-D points, the initial epipolar error in this datasetis substantial, roughly
hundreds of pixels (Figure Figure 23). The registration algorithm �nds accurate epipolar
geometryfor thesepoints.

Finally, we examinedpoint featuresknown to be very far from all nodes, to assessthe
algorithm's abilit y to recover consistent poseaway from the immediate vicinit y of the ac-
quiring cameras(Figure 24). With poor initial pose,and distant 3-D feature points, our
algorithm recovers both node and feature positions to within a few centimeters.

Data Per Per
Type Image Node Total

Images | 23 695
Nodes | | 30
Point

Features 257 5,967 179,030
Node Ad-
jacencies | | 80

Per Pair Total
BaselineHough 6.2 s 8 16 m
BaselineMCEM 42.5s 56 20 m

Global Opt | 0 21 m
Total 48.7s 1 05 h

Table 3: Green Building: Data Size and Computation Times by Stage

Average Maximum
Rot

O�set 2.95� 6.83�

Rot
Bound 0.067� 0.12�

Trans
O�set 2.86m 5.97m
Trans

Bound 4.5 cm 8.1 cm

Average Maximum Std. Dev.
3-D Ray
Distance 10.2cm 18.5cm 5.3 cm
2-D Epi

Distance 2.21pixel 4.17pixel 1.43 pixel

Table 4: Green Building: 3-D and 2-D (Epip olar) Consistency
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Initial Refined

Figure 23: GreenBuilding Epipolar Geometry Comparison
Initial and re�ned epipolar geometry;the algorithm correctssigni�cant initial poseerror.

Figure 24: GreenBuilding Epipolar Geometry for Distant Points
Epipolar linesafter registrationare consistentto within a few pixels,evenfor distant 3-D points. Error in

initial poseis substantial;the samelinesinferredfrom the this posefail to intersectthe image.

4.2.4 AmesCourt Data Set (100 nodes)

The Ames Court data set spansan area of 315 by 380 meters, representing a larger geo-
graphical region and a larger number of camerasites (Figure 25). Of the 100nodesin this
set, the rotational stage registered95 successfully. The translation stage registeredall 95
nodes.

Initial posewas correctedby 5:59� and 6:18 m, achieving averageconsistencyof 0:095� ,
5:7 cm, and 3:88pixels. The maximum poseinconsistencywas0:21� , 8:8 cm, and 5:02pixels.
Total CPU time was just under four hours.

4.3 Bene�t of Omni-Directional Imagery

There is substantial experimental evidencethat wide-FOV (i.e., omni-directional) images
are fundamentally more powerful than narrow-FOV (i.e., planar) imagesin practice. Our
companionpaper [3] showed evidencethat vanishingpoint estimation becomesmore robust
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Figure 25: AmesCourt Node Con�guration
Node locationsand adjacenciesfor the AmesCourtdata set. The averagebaselinewas23:53 meters.

Per Per
Image Node Total

Images | 20 2,000
Nodes | | 100
Point

Features 257 4, 132 413,254
Node Ad-
jacencies | | 232

Per Pair Total
BaselineHough 7.8 s 30 m 10 s
BaselineMCEM 52.6s 3 h 24 m

Global Opt | 1 m 04 s
Total 60.4s 3 h 55 m

Table 5: AmesCourt Data Size and Computation Times by Stage

Average Maximum
Rot

O�set 2.83� 5.59�

Rot
Bound 0.095� 0.21�

Trans
O�set 3.53m 6.18m
Trans

Bound 5.7 cm 8.8 cm

Average Maximum Std. Dev.
3-D Ray
Distance 14.9cm 20.2cm 5.6 cm
2-D Epi

Distance 3.88pixel 5.02pixel 2.10 pixel

Table 6: Ames Court: 3-D and 2-D (Epip olar) Consistency

and more accurate with increasing �eld of view. Here, we show analogousevidencefor
position (baseline) recovery. We examined the Hough transform, and resulting baseline
direction estimate, for a node pair as a function of the number of planar images used.
Transform valuesare plotted in Figure 27. The sharpnessof the peak, and the consistency
of the resulting baselineestimate, increasesdirectly with �eld of view. Moreover, we observe
that narrow-FOV imagesdo not provide su�cien t feature overlap for convergencein any of
our datasets.
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Figure 26: AmesCourt Epipolar Geometry
Point featuresand correspondingepipolar linesfor a typical node pair in the AmesCourtset.

1 Image 10 Images

20 Images 40 Images

Figure 27: Hough Transform Peak Coherence
The dependenceof Houghtransform peakcoherenceon �eld of viewfor nodescontaining47 images.Peaks
are shown for a baselinedirection, for increasingnumbersof images(1, 10, 20 and 40) in the node tiling.

4.4 Other Error Sources

The algorithm presented in this paper relies upon the outputs of a number of other algo-
rithms, including cameracalibration and noisy feature detection. Without careful surveying
of ground-truth 3-D measurements, it is di�cult to quantitativ ely judge the system'send-to-
end performanceon real data. However, the consistencymeasuresabove suggestthat node
poseis recoveredaccurately.

5 Related Work

This sectionreviewsprior work in 3-DOF baselineestimation and 6-DOF registration.

5.1 In teractiv e Pose Estimation Metho ds

Interactive toolscanalsobeusedto imposeconstraints on camerapose[7, 20, 46]. Thesetools
would requirea prohibitiv e amount of manual e�ort to registera large imagenetwork. They
are also vulnerable to operator error, and to numerical instabilit y: sincehuman operators
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have a �nite capacity for work, they will tend to specify as few constraints as possibleto
achieve convergence.

5.2 Con trolled Calibration

Many vision applications assumestatic cameras[49, 40], or a �xed spatial con�guration of
two or more cameras[29]. Somesystemsrecover relative posethrough the use of known
targets [55, 14]. These techniques require 3-D to 2-D correspondencein each calibration
image, usually supplied by a human operator, or determined automatically as long as the
target remainsin clear view. Thesemethods have two principal disadvantages: they require
static cameracon�gurations, and they require that known objects be present in the scene.

5.3 Structure from Motion

A classof structure from motion (SFM) techniquesrecoversscenegeometryand camerapose
for a moving camera[35, 42, 51]. Thesemethods are sensitive to imagenoise,illumination
variations, and strong perspective or occlusiondue to extendedbaselines.

Somemethods recover poseonly betweenconsecutive imagepairs or triples in a sequence
[24]; these local techniques are prone to bias and error accumulation. Azarbayejani [5]
addressesthis issueby using an extended Kalman �lter to update structure and motion
using all available data, incrementally improving the estimatesas new data is introduced.

Projective reconstructiontechniquesavoid intrinsic cameracalibration [39, 36,28], recov-
ering structure and poseonly up to an arbitrary projective transformation. Other linearized
versionsof SFM have beenformulated, basedon SVD [41] or a�ne approximations [33].

5.4 Corresp ondence Metho ds

Nearly all registration algorithms rely on explicit knowledgeof correspondencebetweenfea-
tures. Low-level trackers [50] and densetexture trackers [31, 58] attempt to computecorre-
spondenceunder short or in�nitesimal baselines(i.e., for situations in which scenebrightness
and viewpoint changelittle acrossimages,and there is little or no occlusion).

Robust statistical techniques have been developed to diminish the e�ects of outliers.
Examples include RANSAC (random sampling consensus)[23, 24], MLESAC [54], ROR
(rejection of outliers by rotations) [1], and LMS (least median of squares)[13, 49]. These
algorithms attempt to �nd consistent poseassignments by randomly choosingfeaturesubsets
and examining remaining features for consistency. However, they can require exponential
time in the number of candidate features; they do not account for match ambiguities, or
feature noise;and they do not samplethe spaceof all feature setsin a principled way.

Other authors formulate correspondenceprobabilistically rather than explicitly [44, 15,
21]. None of thesetechniqueshave beendemonstratedfor large numbers of featuresor ex-
tended cameramotions. Correspondence-freeposeestimation techniqueshave alsoemerged
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(e.g., [25]), but have not beendemonstratedfor sceneswith signi�cant occlusionor lighting
variation.

5.5 Measuremen t Uncertain ty

Most authors who have treated measurement uncertainty have usedadditive Gaussiannoise
[48,2, 37, 27]. This noisemodel hasno meaningfulinterpretation for projectivevariables. For
example,the units of the covarianceof the fundamental matrix [19, 59] are not well-de�ned.
Bingham distributions have beenshown to be moreappropriate for projective variables[17].

5.6 Exp ectation Maximization Metho ds

SomeauthorshaveproposedEM or EM-likealgorithmsto solvecoupledstructure andcamera
motion problems[57, 9, 15], but nonehave provided a principled treatment of measurement
noiseand matching ambiguity. Recently, a probababilistic EM formulation has been pro-
posed[21], which handlesmultiple imagesand match ambiguity, but only when the number
of 3D featuresis known, and all featuresare visible in all images.

6 Con tributions and Conclusions

The algorithm described in this paper makesuseof a number of fundamental techniquesfrom
computer vision and estimation theory, including: the useof gradient-based(point) features
for robustnessagainst lighting variations and strong perspective; decoupling 6-DOF pose
estimation into two pure 3-DOF problems;probabilistic inferenceon the sphere;the Hough
transform (for e�cien tly establishingpriors), Markov chain Monte Carlo methods (for e�-
ciently sampling from high-dimensionalprobability spaces),and expectation maximization
methods (for iterativ e solution of coupledclassi�cation and estimation problems).

This paper makes several contributions to the recovery of absolute positions for large
collectionsof cameras,and attainment of large-scale6-DOF extrinsic calibration. First, we
proposethe useof a priori absoluteposition estimates,and an image adjacencygraph, to
limit inter-camera registration to those imageswhich are likely to have observed common
scenestructure. This enablesO(n) rather than O(n2) asymptotic performance,and removes
the need for a human operator to supply matching constraints (for example to initialize
a bundle-adjustment optimization), or supply photogrammetric tie points to expressthe
resulting posein an absolute(Earth) coordinate system.

Second,we show quantitativ e evidencethat wide-FOV (omni-directional) imagesare
fundamentally more powerful observations than are narrow-FOV (planar) imagesfor the
recovery of inter-image baselinesand global positions. Omni-directional imagesare free of
the aperture problem and its attendant ambiguities; nearby clusters of wide-FOV images
generallyobserve more commonscenestructure than do clustersof narrow-FOV cameras.
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Third, we extend existing probabilistic feature correspondencemethods to handle un-
known numbers of features, unknown occlusion, deocclusion, and outlier features, and to
correctly incorporate projective uncertainty.

Fourth, we combine Hough transform and MCMC techniquesto addressthe limitations
of both methods. The HT is usedin a discretefashionsimply to establisha prior probability
on the set of possiblepoint matches. MCMC is used for stochastic optimization of the
baselineestimate under balancedmatch insertions,deletions,and swaps.

Fifth, wedescribea method to incorporatea setof pairwisebaselinedirection constraints,
each with an attendant uncertainty, into a global, linear least-squaresoptimization which
producesaccurateestimatesof �nal node positions and an aggregateuncertainty for each.

Sixth, we assessedend-to-enderror of the 6-DOF poserecovery systemwhich incorpo-
rates the position estimation algorithm proposed in this paper. Even in the presenceof
signi�cant initial position and orientation error (several meters and several degrees),our
algorithms recover absolute poseaccurately while requiring a few CPU-hours of computa-
tion. To our knowledge, the resulting datasetsare the largest registeredterrestrial image
datasets in existence,regardlessof whether manual or automated calibration algorithms
are used. We estimate that producing equivalent datasetsusing manual photogrammetric
bundle-adjustment would require betweentens and hundredsof hours of human e�ort.

Finally, the algorithm described in this paper expends time and spaceresourceswhich
grow linearly in the number of input images,rather than quadratically or worseas in many
previous methods. This removes a fundamental barrier to the development of automated
registration techniquesfor very large numbers of images. In practice, we demonstratedthe
algorithm's performanceon datasetscontaining roughly one,two, and four thousandimages,
complexitieswhich can not be attained with any other automatedmethod, and which would
be di�cult or impossiblein an interactive system.

One perhaps unexpected advantage of working at this scaling regime is that of over-
constraints and data fusion to reduceuncertainty; our algorithms register imagesto within
four pixels of epipolar error, on average,outperforming manual bundle-adjustment due to
the human operator's useof insu�cien t constraints. We emphasizethat the imagedatasets
for which we report performancewere acquired outdoors, over wide baselines,under un-
controlled and varying lighting conditions, and in the presenceof signi�cant occlusionand
visual clutter. Consideredtogether, the algorithms presented hereand in [3] represent a new
end-to-endcapability for automated, absoluteregistration of terrestrial images.
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