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Abstract

We describe a linear-time algorithm that recovers absolute camera positions for
networks of thousands of terrestrial imagesspanning hundreds of meters, in outdoor
urban scenes,under varying lighting conditions. The algorithm requires no human
input or interaction. It is robust to up to 80% outliers for synthetic data. For real
data, it recovers cameraposewhich is globally consistert on averageto roughly 0:1
and v e certimeters, or about four pixels of epipolar alignmenrt, expending a few CPU-
hours of computation on a 250MHz processor.

This paper's principal cortributions include an extension of Monte Carlo Markov
Chain estimation techniques to the caseof unknown numbers of feature points, un-
known occlusion and decocclusion, and large scale (thousands of images,and hundreds
of thousandsof point features) and dimensional extent (tens of meters of inter-camera
baseline,and hundreds of metersof baselineoverall). Also, a principled method is given
to manageuncertainty on the sphereof directions; a new use of the Hough Transform
is proposed; and a method for aggregating local baseline constraints into a globally
consisten constraint setis described.

The algorithm takesintrinsic calibration information, and a connected,rotationally
registeredimage network asinput. It then assenbleslocal, purely translational motion
estimatesinto a global constraint set, and determines camera positions with respect
to a single scene-widecoordinate system. The algorithm's output is an assignmen of
metric, accurate 6-DOF camerapose,along with its uncertainty, to every image. We
assumethat the sceneexhibits local point featuresfor probabilistic matching, and that
adjacert camerasobsene overlapping portions of the scene;no further assumptions
are made about scenestructure, illumination conditions, or cameramotion.

We assesshe algorithm's performanceon synthetic and real data, and demonstrate
seweral results. First, wide-FOV imagery makesregistration fundamentally morerobust
against failure, and more accurate, than ordinary imagery. Second,we show that by
conmbining thousands of noisy, gradien-based (point) featuresinto a small number of
projective motion estimates (baselines), the algorithm achieves accurate registration
ewven in the face of signi cant lighting variations, low-level feature noise, and errors in
initial position estimates.



1 Intro duction

Extrinsically calibrated imagery is of fundamertal interest in a variety of computer vision
and graphics applications, including sensorfusion, 3D reconstruction for model capture,
and image-basedendering for visual simulation of realistic scenes.In practice, registering
imagery can require substartial manual e ort, for exampleto specify matching tie points
acrossmultiple imagesas constrairts to a bundle adjustmert algorithm. Even for small
datasets,this manual componert canabsorbtens or hundredsof hours of human e ort, and
is di cult orimpossibleto partition amongse\eral workers.

We have deweloped two automated cameraregistration algorithms aspart of a systemfor
automated model capture in extendedurban environments [52, 53]. In our system,a human
operator movesa sensor[11] to many viewing positionsin and around the sceneof interest.
At ead position, the sensoracquiresa high-resolution, high dynamic range image of some
portion of the scene alongwith a rough estimate of the acquiring camera’'spose,or position
and orientation, in absolute (Earth) coordinates. The result is a set of omni-directional
images,ead with a hemisphericalor greater eld of view, acquired 15 to 20 metersapatrt.

Imagesare grouped by optical certer into single,wide-FOV mosaicscalled \no des" [18].
Ead node is subsequetly treated asa rigid, super-hemisphericalimagewith a single pose.
The useof wide-FOV imagery provides a signi cant advantage in practice, by reducingthe
number of optimization parameters,and by eliminating classicalbias and ambiguities in
cameramotion estimation [26, 18, 22].

The sensor'sinitial camerapose estimates are not su ciently accurate for 3D recon-
struction, which requiresepipolar geometry consisten to a few pixels acrossany image pair
viewing commongeometry Thus one critical componert of our systemis the re nement of
the sensor'sinitial cameraposeestimatesto bring all camerasinto registration. Sincethe
scaleof the dataset rules out interactive techniques, our poserecovery algorithms must be
fully automated, and their running times must scalewell with the number of images. How-
ever, most image pairs obsene nothing in commondue to occlusion;thus we can not apply
algorithmic techniqueswhich assumethat commonscenestructure is obsened by all images.
Instead, we usethe (rough) initial poseestimatesto assaiate cameraswhich are likely to
have obsened overlapping scenestructure, then use an e cient local-to-global alignmert
strategy to register all images.

Solving the generalpose-recaery problem involves determining six parametersfor ead
camera:three of rotation and three of position. Our approad decoupleghe 6-DOF problem
into apurerotation (3-DOF) and pure translation (3-DOF) componert. This paperaddresses
only position recovery; a companionpaper [3] addresseshe prior recovery of scene-relatie
image orientations.

1.1 Algorithm Overview

The goal of our algorithm is to accuratelyregisterevery camera(node) to a single,common
coordinate system. Our approad usesthe fact that nodesare registeredrotationally upon



input, leaving only node positionsto be determined. Also, it exploitsthe tendencyof adjacen
(nearby) nodesto have obsened overlapping scenestructure. The algorithm rst detects
sharedstructure acrosspairs of adjacen nodes, accurately estimating a local displacemen
direction relating ead pair. Theselocal constraints are then propagated throughout the
node graph to assigna globally consiste position to ead node.

More formally, the algorithm proceedsasfollows. Point featuresare coupledacrosseadh
node adjacencyto give a crude estimate of inter-imagebaselines.A Monte-Carlo expectation
maximization (MCEM) algorithm, basedon a projective uncertainty model and initialized
with a Hough Transform, simultaneously re nes the baselineestimate, deweights outliers,
and tests whether low-level match additions or deletionsimprove the current estimate. All
inter-node baselineestimatesare asserbled into a network-wide constrairt set, and a global
optimization assignsnode positions consistem with all pairwise baselines.Finally, a global
rigid transformation is applied to expressthe node posein absolute coordinates, maximally
consisten with the input position estimates.

1.2 Input Requiremen ts and Assumptions

To register a collection of images,our algorithm requiresthe following inputs:

Accur ate intrinsic  calibr ation. Imageshave beencorrectedfor radial distortion,
and pinhole cameraparameters(i.e., focal length, principal point, skew) are given.

Accur ate extrinsic orientations.  Scene-relatie orientations and vanishing point
directions are supplied for eat node [3].

Rough camer a locations. Absolute (GPS-based)position estimatesfor ead node
are supplied by the image acquisition platform.

Camer a adjac ency. For ead node, alist of the node'sneighborsis given, identifying
cameraslikely to have viewed overlapping portions of the scene.

Point featur es. For ead image, sub-pixel point features, produced by intersecting
pairs of gradiert-basedimage edgeg12], are supplied.

In practice, the algorithm adievesregistration when the following conditions are met:

Node eld of view (FOV) is large. Our algorithm can be applied to imageswith
any FOV. Howewer, wide-FOV imagesare fundamertally more powerful obsenations
than cornvertional images:they provide maximal obsenations of surroundingstructure;
disambiguate small rotations from small translations; reducebias in inference;and in
generalenablesmore reliable corvergenceand higher accuracy

Nodes view overlapping scene featur es. The datasethassu cient densiy that
adjacent nodes obsene overlapping scenegeometry (in this case,3D points). The
inter-node distancein our datasetsis typically about fteen meters.
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1.3 Paper Overview

The remainder of the paper is structured as follows. Section 2 reviews projective feature
represemations and geometricprobability. Section3 descrilesthe translation recovery algo-
rithm, and Section4 reports the result of applying the algorithm to various syrthetic and
real datasets. Finally, Section5 reviewspreviouswork on imageregistration, and Section6
summarizesour cortributions and results.

2 Preliminaries

This sectionreviewsthe represerations of coordinate transformations and uncertain projec-
tive featuresusedby the position recovery algorithm.

2.1 Extrinsic Pose

A rigid transformation, consistingof a 3 1 translation t and orthonormal rotation R,
expressegoints p% in world spaceas points p¢ in cameraspace. Its inversespeci es the
orientation and position of the camerawith respectto the scenecoordinate system. Formally,

p¢ = R7(p" t); p"’ = Rp°+t (1)

wheret is the position of the focal point, and the columnsof R are the principal axesof the
cameracoordinate system, both expressedn scenecoordinates. Thesetwo quartities thus
summarizethe external poseof the camera. The algorithm in this paper assumeghat all
rotation matricesR (represeted asunit quaternions)are known, and addresseshe recovery
of t for ead camera.

2.2 Projectiv e Points

We represem points in the image plane as coordinate pairs (u; v). Although the Euclidean
planeis a corvenient spacefor feature detection, it is not ideal for feature represetation: it
implies non-uniform sampling with respect to the focal point, and can not stably represenh
rays nearly parallel to the image plane. This leadsto instability and poor conditioning in
inferencetasks, especially when (as in our setting) the eld of view is large.

Thus to represeh point features we use the projective plane 2, a closedtopological
manifold cortaining the set of all 3-D lines through the focal point. Points along any given
3-D line, exceptthe focal point itself, constitute an equivalenceclass

pr , p=r; (2

where is areal nonzeroscalarvalue. Becauseof the relationshipin (2), the projective plane
is a quotient space on 3 (minus the focal point) and alsoon the surfaceof the unit sphere
2, sometimesreferredto in the literature asthe Gaussiansphee [6]. The sphere'ssurfaceis
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an ideal spacefor represeration of projective features,just asit is an ideal spacefor image
projection: it is closed,compact,and symmetric, and it provides uniform treatment of rays
from all directions.

Points in the Euclideanimage plane can be transformedto the sphereby augmernation
to homogeneougprojective) coordinates and normalizing:

u;v) ! = (u;v;1) ! — 3
(u;v) p=(uvi1) ok 3)

We make use of the following duality between projective points and lines: a given image
point p can be viewed as a pencil of imagelines which cortain, and thus intersect at, that
point. The parameterizationsly;l,;::: of sud lines must satisfy p |; = 0. This relationship
is depictedin Figure 1; we will return to it in x3.2.1.
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Figure 1: Projective Image Features
(a) A 3-D line can be repgresentedby a 2-D line in plana projection or a great circlein sphericalprojection.
Any point onthe line mustbe orthogonalto the line'sdualrepresentation. (b) A 3-D point canbe represented
asa unit vecta on the sphere,or asa pencil of linespassingthrough its projection.

2.3 Bingham's Distribution

Featuresviewed by a single cameraare inherertly projective, since no depth information
is available. We wish to represen projective features with suitable spherical probability
distributions.

Exponertial distributions are useful for inferencetasks [8], but the most commonly used
multi-v ariate Gaussiandensity is a Euclidean probability measureand is therefore not suit-
able for projective variables. Conditioning a zero-meanGaussianvariable x 2 R?2) on the
ewvert that kxk = 1 resultsin Bingham's distribution, a exible exponerial density de ned
on the unit sphere[10, 32, 56].

This distribution can be generalizedto arbitrary dimension, and is parameterizedby
a symmetric n n matrix M , and diagonalizedinto the product M = U U~, where
U 2 " "isarealunitary matrix whosecolumnsu; represen the principal directions of
the distribution and 2 " " is a diagonalmatrix of n conceiration parameters ;. The



density is given by
!
p(x) = iexp(x>M X) = iexp X (U7 x)2 (4)
o ) o ) i1 |

wherec( ) is a normalizing coe cient that dependsonly on the conceitration parameters.
We denotethis density by B,(x; ;U), or simply B,(x;M ), with the subscript n denoting
the dimensionof the space.The matrix M is analogousto the information matrix (inverse
of the covariance) of a zero-meanGaussiandistribution [45).

The Bingham density is antip odally symmetric, or axial: the probability of any point x
is idertical to that of x. It is closedunder rotations: if y = Rx, whereR is a rotation
matrix and x hasBingham distribution B,(x; ;U), theny alsohasa Bingham distribution
givenby B,(y; ;RU ). Finally, the Bingham represetation is expressie: the conceitration
parameters can descrite a wide variety of distributions, including uniform, bipolar, and
equatorial.

We represen projective image featureson 2 as Bingham variables Bz( ). In addition,
since unit quaternions are antip odally symmetric and de ned on the surface of the unit
hypersphere 3, we represen rotational uncertainty by the Bingham variablesB,( ).

3 Position Recovery

Recwery of structure and motion from imageinformation encompassese\eral coupledprob-

lems: cameraregistration, feature correspndence,and determination of scenestructure. In

our setting, the input camerasare rotationally registered. This simpli es the epipolar geom-
etry and reducesthe dimensionof the seard space but the coupling betweencorrespndence
and translational poseremains. Our approad is to estimateboth correspndenceand poseas
probability densities,deferringcommitmert to deterministic valuesuntil global information

is asserbled and propagatedthroughout the constraint network.

3.1 Overview

This sectiondescrikesthe position recovery algorithm; a high-level diagram of the algorithm
is showvn in Figure 2 belown [4]. First, translation directions are estimated for all node
adjacenciesin the data set. A Hough transform e ciently nds the most likely motion
direction in a given pair by looking for consistencyamongall possiblefeature matches. This
approximate direction seres to initialize an expectation maximization method whose E-
step, which requiressampling from an extremely high-dimensionaldistribution, relieson a
Markov chain Monte-Carlo algorithm. This so-calledMCEM algorithm, presened in x3.4,
determinesthe best motion direction by averagingover all possiblecorresppndencesets.
Once all relevant pair-wise motion directions have been computed, they are asserbled
into a global optimization that estimatesthe camerapaositions most consistetr with these
directions (x3.5). A nal step, descrited in x3.6, performsrigid 3-D to 3-D registration on
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the resulting setof camerasto nd the best metric scale,position, and orientation given the
approximate initial poseestimates.

Point
Features )
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Figure 2: Translational Registration
Determiningconsistentpositionsfor all camerasvithout explicitcorresppndence.First, geometricconstraints
are imposedto reducethe number of possiblepoint matches.Next, a Houghtransfam determinesapproxi-
mate baselinedirections,which are then re ned probabilistically A global optimization, constrainedby the
pair-wisedirections,producesconsistentcamerapositions. Finally the camerasare registeredwith the initial
poseto recovermetric scale,orientation, and position.

3.2 Two-Camera Translation Geometry

Given two rotationally registered camerasA and B, and two sets of respective features
X =1fxg i ;xygandyY = fyg;:::;yu 0, the goalis to determine the direction of motion
b from A to B most consistem with the available data. This sectiondescrikesthe simpli ed

epipolar geometryresulting from known rotational poseand discussegieometricconstrains
that may be usedto reject physically unlikely point matches. Given a set of explicit matches
within this framework, estimation of the direction of translation betweena given pair of
camerasreducesto a projective inferenceproblem quite similar to that of single vanishing
point estimation.

3.2.1 Epip olar Geometry with Kno wn Orien tation

An epipolar plane P cortains two cameracerters and a 3-D point seenby both cameras.
Projections of the 3-D point onto ead of the images,x; andy; respectively, must therefore
alsolie in P (seeFigure 3).

For rotationally registeredcameras,the following relation holds:

(x y) b=0 ()

Intuitiv ely, the crossproduct of x with y is orthogonalto P, and thus necessarilyorthogonal
to the baselineb as well, since P cortains b. Here, obsenations consist only of the 2-D
feature projections, and the baselineis unknown; howewer, (5) providesa constrairt on b up
to unknown scale. This suggestghat b canbeinferred solelyfrom two or more correspnding
pairs of features.
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Figure 3: Pair Translation Geometry
The epipolar geometryfor two rotationally alignedcamerasis simila to the geometryof vanishingpoints.
(a) A single3-D point liesin an epipolar plane containingthe baselineand any projective observationsof
the point. The epipolar line is analogougo animageline feature. (b) The epipolar planesinducedby a set
of 3-D points forms a pencil coincidentwith the baseline. The normals of theseplanesthus lie on a great
circle orthogonalto the baselinedirection.

Dene my  x; y;. Forthe correctpairsof i andj[that is, for those(i; ) couplets
in which feature x; truly matchesfeaturey;|the constrairt in (5) becomes

m j; b=0: (6)

If the mj; are viewed as projective epipolar lines, then the baselineb can be viewed as
a projective focus of exmnsion, and its antip ode the focus of contraction, the apparen
intersectionsof all epipolar lines.

3.2.2 Geometric Constrain ts on Corresp ondence

Both correspndenceand the baselineareinitially unknown, sothe above construction seems
hopelesslyunderconstrained. There are NM possibleindividual feature matches,and more
importantly, a combinatorial number of possible corresppndencesets that can be chosen,
making the seart spaceenormous.

Howeer, additional information can be usedto drastically lower the dimensionof the
seard space[43] both by reducingthe number of featuresN and M in ead image,and by
eliminating many of the candidate corresppndences.The constrairts presetted hererely on
two assumptions: rst, that ead point feature represets the intersection of two or more
2-D line features;and secondthat the baselineis known to lie within somerestricted region.
Boundson this region can be obtained using the roughly-known initial pose.

Knowledge of 3-D line directions and classi cation of 2-D line features obtained from
rotational poserecovery both provide strong cuesfor feature culling and point correspndence
rejection. Presumably objects consisting of parallel lines possesssu cient structure for
determination of translational o sets; thus, imagefeaturesnot assaiated with any parallel
line setscan be safelydiscarded. In particular, lines having high \outlier" probability, along
with any point featuresinferred by theselines, are deemednvalid. Points inferred from lines
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shorter than a given threshold in Euclideanimage spacecan alsobe discarded,as sud lines
are unreliable.

A set of all possiblecandidate matchesis constructed from the surviving sets of point
features. Each match is kept or discardedaccordingto the following criteria:

Dir ections of constituent lines. If the 3-D point inferred by a given match truly

correspnds to the intersection of two or more 3-D lines, then the 3-D directions of
image lines forming a given image point x; should be idertical to those forming the
point y; (Figure 4). Matchesm; for which this condition doesnot hold are discarded.

Baseline uncertainty bound. A given angular bound on the translation direction
inducesa consenative equatorial band within which all correct epipolar plane normals
must lie (Figure 5); any mj outsidethis band is discarded,sinceit implies \sideways"
motion. Furthermore, any match for which y; is closerthan x; to b is alsodiscarded,
assud a match implies \backward" motion.

Depth of 3-D point. If the angle betweenx; and y; exceedsa threshold, the 3-D
point inferred by the match (via triangulation) is too closeto the cameraor implies an
abnormally wide baseline. Thesematchesare therefore discarded.

Figure 4: Line Constraints

Two imagesviewingthe samebuilding are showvn, and possiblematchesfor a particular point feature A in
the rst imageare considered.Point B is the true match, but C and D are alsoplausiblebecausethey are
formedby the intersectionof lineswhosedirectionsmatch thoseof the linesforming A. The directionsof the

linesforming E do not match thoseforming A, soE is rejected. Note that D is formed by the intersection
of three rather than two distinct line directions.

3.3

Inference of Translation Direction

This section describes methods for inferring the translation direction between a pair of
cameras, rst assumingexplicit correspndenceis known, then relaxing this assumption. As
noted above, a given correspndencebetweenfeaturesx; andy; constrainsthe inter-camera
baselineb accordingto (5), and a set of suth correspndencescan be usedto estimate b.
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Figure 5: Direction Constraints
(a) Uncertainty in the baselinedirection inducesan equataial band of uncertainty for epipolar lines. The
match betweenfeaturesx andy is plausiblebecauseit implies motion in the carrect direction. (b) The
match betweenx andy is rejectedbecauseat impliesbackward motion; the match with y , is alsorejected
becauseits epipolar line doesnot lie in the uncertaint band.

One method is by minimization of an objective function sud as
X
E = m j; b; (7)
(i )2F

here, F is the setof F pairings (i; j) that represen the true matches. The optimal least-
squaresbaselinedirection can be found by constructing an F 3 matrix A whoserows
cortain the feature crossproducts mj, then choosing the eigervector asseiated with the
smallesteigervalue of A~ A.

Projective fusion techniquescan be usedto estimate the probability density of b. Recall
from x1.2that eat point featurein the imagerepresets the intersectionof two imagelines,
ead of which is an uncertain equatorially-distributed Bingham variable with known param-
eters. Bingham uncertainty in the intersection can be determined by fusing the two lines,
sothat the parametersof ead image point's distribution are known. Each correspndence
betweenrandom variablesx; andy; in turn inducesan epipolar line mj , whoseequatorial
Bingham distribution can be determinedby fusion of x; andy; .

The problemthat now remainsis to determinethe distribution of b given a setof epipolar
line obsenations mj; (for (i;j) 2 F) with known uncertairty.

3.3.1 Motion Direction from Known Corresp ondence

If true correspndencesbetweenthe feature setsX and Y are known, the parametersM
of the baselinedistribution can be inferred accordingto the fusion equation

X
M = M+ Mg (8)

(i )2F

whereM j represets the uncertairty of the epipolar line mj; , M ¢ is the prior distribution
on b, and the sum s taken only over indicesassaiated with the true matches. Equivalertly,
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inferencecan be performed by assaiating a binary-valued variable by; with every possible
correspndence,where

1; if x; matchesy;

b = 0: otherwise.

(9)

The Bingham parametersof b can then be determined by

X
M = hj M i T M o; (10)

i=1 j=1

wherethe new sum is evaluated over every possible(i; j ) pairing.

3.3.2 Motion Direction from Probabilistic Corresp ondence

Becausemotion directions and point featuresare uncertain quartities, and becauseof am-
biguities in epipolar geometry that may arise from particular viewpoints, hard or explicit
correspndencecannot always be determined. Thus, in the more generalcase,cortinuously-
valued variablesw; 2 [0; 1], rather than binary-valued variablesh; 2 f0; 1g, can be applied
to the obsenations mjj, e ectively represeting the probability that feature x; matches
featurey;.

Inferenceof b in this weighted formulation becomes

b
M = wij M j + M g; (11)

i=1 j=1

with more emphasisgivento matcheswith higher likelihood. Note that the binary variables
b represen the deterministic limit of the w; in this probabilitic formulation.

3.3.3 Feature Matc h Weights

In reality, ead feature obsened in oneimagehasat most onetrue match in the other image.
A true match existsonly if the feature obsenation correspndsto areal 3-D point, and if its
courterpart in the other imageis visible; otherwise,the feature hasno matches|either it is
itself spurious, or its match is unavailable (e.g. occludedor otherwisemissedby detection).

In the caseof binary variables,the above condition can be enforcedby requiring that at
mostoneb; for every i and at mostoneb; for every j is equalto one,and that the restare
equalto zero. More formally,

X X
b 1 8i by 1 8 (12)

j:l i=1

Inequality constraints are mathematically incornveniert, howewer; thus, the \null" features
Xo and y, are appendedto X and Y, respectively, and the inequality constrairts of (12)
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becomeequality constrairts via the introduction of binary-valued slackvariablesb, and by
[16], which take value one if x; (or y;, respectively) matches no other feature, and zero
otherwise. Thus,

by =11 i M by =1 1 j N: (13)

To ensurevalid weights w; in the probabilistic case,an analogouscondition must be
satis ed:

X X
Wi = 1 1 i M Wi = 11 J N: (14)
j=0 i=0

This condition enforcesa symmetric (two-way) distribution over all corresppndences:eath
featurein the rst imagecan match a set of possiblefeaturesin the secondimage,with the
weights normalized sothat they sumto one,and vice versa.

The set of weights canalsobe represeted by an(M + 1) (N + 1) matrix W (or B, in
the binary case),whoserows represeh the featuresX , whosecolumnsrepreseh the features
Y, and whoseindividual ertries are the weights themseles(Figure 6). The condition in (14)
is then equivalent to the requiremen that the weight matrix be doublystochastig i.e. that
both its rows and its columnssumto one.
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Figure 6: Augmented Match Matrix
The match matrix encales correspndencesbetweenfeaturesin two di erent images. (2) An exampleof
a binary match matrix. Rows representfeaturesin the rst camera,and columnsrepresentfeaturesin the
second.There canbe at most onenon-zeroentry per row and per column. (b) The augmentedmatrix, with
an extrarow and columnto accountfor outliers and missingfeatures. In the augmentedmatrix, there must
be exactlyone non-zeroentry in eachof the rst M rowsand N columns.

3.3.4 Initialization: ~ Obtaining a Prior Distribution

Becausemotion direction and correspndenceare tightly coupled,it is di cult to determine
these quartities without prior information. However, as this sectionwill demonstrate, uti-
lization of initial poseestimatesand the geometric constrairts introducedin x3.2.2 allows
reasonablyaccurate estimatesof b to be obtained without knowledgeof correspndence.
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Let M represen the setof all plausible correspndenceqepipolar lines) betweenX and
Y, and let the special subsetM °2 M cortain only the F true matches. If all linesin M
aredrawn on 2, thosein M °(in the absenceof noise)will intersect perfectly at the motion
direction b, and the remainder (which represen false matches) will intersect at random
points on the sphere.
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Figure 7: Hough Transform for Baseline Estimation
Two examplesof Hough transfams for baselineestimation. Epipolar lines for all plausiblematchesare
accumulated;the transfam peakrepresentsthe baselinedirection.

In essencethe point of maximum incidenceon 2 is the most likely direction of motion.
This point canbe found by discretizing 2 and accunulating all candidate epipolar lines M
in a Hough transform. Sincethe motion direction is appraximately known from initial pose
estimates,the transform needonly be formulated over a small portion of the sphere'ssurface
around this initial direction. Examplesare shovn in Figure 7.

The motion direction by can be determined as the peakin the transform with highest
magnitude. False corresppndencesgreatly outnumber true correspndences,however, be-
causethere are M N possiblematchesand only F (at most min(M; N)) true matches. The
desired peak may therefore be obscuredby spurious peaksarising from certain geometric
anomalies.For example,a point featurein oneimagelying very closeto the initial direction
of motion can match many featuresin the other image, thus producing a perfectly sharp
falsepeakif all matchesare equally weighted (Figure 8).

To solwe this problem, a mutually consisten set of weights w;; must be assignedto the
epipolar linesin M sud that featureshaving many possiblematchesare de-emphasizedin
order to ensurethat the condition in (14) is satis ed, an iterative normalization procedure
proposedby Sinkhorn [47, 16] s utilized to transform an initial (invalid) match matrix into
a valid doubly stochastic matrix.

First, the matrix W is setto zero;ertries for matchessatisfyingthe geometricconstrains
of x3.2.2,aswell asall ertries in rowv M + 1 and column N + 1, are then assignedan initial
value of one. Sinkhorn's algorithm alternatively normalizesthe rows and columns until

13



False
Peaks
True

y y b Hough Baseline
! d Transform O O
\\‘\
X \\~\_; True
y "o Baseline
3
P

False O

Peak
(a) (b) (c)

Figure 8: False Hough Transform Peaks
(a) Falsepeaksin the Hough transfam can be causedby featurestoo closeto the direction of motion,
which have many matchesand thus produce high-incidenceregions. (b) An examplein which false peaks
are evident. (c) The sameexampleafter normalization.

convergenceas follows:
D oW
W) = w; wj 8i2f1:::;Mg wP = w w) 8 2f1:::;Ng:
j=0 i=1

Ead erntry in the matrix is normalized by the sum of ertries in its row; ead ertry in the
resulting matrix is then normalized by the sum of ertries in its column, and soon. The
algorithm producesa provably unique factorization W °= D ;W D , [47], such that W s
doubly stochastic. The new matrix doesnot represeh the \correct” distribution, becauset
is somewhatarbitrarily initialized, but it provides a useful appraximation for the purposes
of the Hough transform technique descriked above.

For a planar accunulation space,ead linear constrairt of the form in (5) cortributes
a single straight line to the transform. Thus, once a set of weights has been obtained by
the above method, the epipolar lines are accunulated, and when drawn, their accunulation
valuesare weighted by the appropriate value w;; . This normalization to a valid probability
distribution over correspndencesdramatically improves the coherenceof the true motion
direction (Figure 8c).

Although accuracyis inherertly limited by the discrete nature of the Hough transform,
the resulting motion direction estimateby canbe usedto initialize more accuratetechniques.
Further, it can be usedasa strong prior distribution (with parametersM 4 in the notation
of x3.3) in subsequehinferencetasks. The matrix M g is obtained by using a bipolar scatter
matrix appraximation on the region surrounding the peak.

3.4 Monte Carlo Exp ectation Maximization

In general,true feature correspndenceis completely unknown; feature point measuremets
and uncertainty serne asthe only available information for inferenceof motion. This section
outlines a method for determining accurate motion estimatesfrom this information alone,
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without requiring explicit correspndence,by employing an expectation algorithm in which
the posterior distribution is discretely sampled.
Using maximum likelihood notation,

b = argmax [p(bjM )] (15)
The conditional probability above can be expandedusing Bayes'rule:

X X
p(biM ) = p(b;BjM ) = p(bjB ;M )p(B jM ) (16)

where B is a valid binary-valued corresppndencematrix, and p(B jM ) is the prior distri-
bution on the correspndenceset. This prior distribution is assumedto be uniform, but
can equally well incorporate the geometric match constraints of x3.2.2. Note also that the
likelihood is expressedas a summation rather than an integration, becausethe collection of
all possiblecorrespndencesetsis discrete.

3.4.1 Structure from Motion without Corresp ondence

The expressionin (15) suggestghat the optimal estimate of the motion direction b can be
found without using explicit correspndene, by maximizing p(bjM ) alone[21]. Correspn-
dencesetscan be treated as nuisanceparametersin a Bayesianformulation, as illustrated
by (16), in which the likelihood is evaluated over all possiblematricesB .

The expectation maximization algorithm lends itself well to this type of optimization
problem. The algorithm alternates betweenthe M-step, in which a log likelihood function
is maximized given a posterior likelihood, and the E-step, in which the likelihood function
is evaluated given the currert parameterestimate b. Cornvergenceto the optimal solution is
guararteed becauseof the initial estimate provided by the Hough transform approad above.

The log likelihood to be maximizedis

X
L= p(Bjb;M )logp(hjB ;M ): (17)

Substitution of (10) into (17) gives

X X
L/ p(B jb;M) hjb™M b+ b™M ob (18)
i=1 j=1
Now, de ne w; asthe marginal posterior probability of match by, regardlessof the other
matches;that is,

X
wij  p(y = oM ) = (i; ] )p(B jb; M ); (19)
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then (18) becomes

X
Wij b>M i b+ b™M ob: (20)

i=1 j=1

Maximization of (20), given the set of weights w;;, can be easily performed using the
technique descrited in x3.3.2; howewer, determination of the w; is not so straightforward.
Individual matchesare not mutually independen, becauseknowledgeabout one match pro-
vides knowledgeabout others. For example,giventhat b; = 1, it must be true that

bk =0 8k6j; (21)

which follows from the implicit constrairts in (13). The condition for independenceis thus
violated, because

p(bk = 1jb; = L;b;M ) = 06 p(bk = 1jb;M ); (22)

and the joint likelihood p(B jb; M ) cannotbe factored. Preciseevaluation of (20) apparerily
requiresevaluation of (18), adicult task dueto the combinatorial number of terms. How-
ewer, the following sectionsdemonstratethat the w;; can be evaluated e cien tly by Monte
Carlo sampling.

3.4.2 Sampling the Posterior Distribution

Markov chain Monte Carlo (MCMC) algorithms are useful for evaluating sumsof the form
in (18). In this cortext, eath possiblebinary match matrix B ¥ represets a distinct state;
randomtransitions betweenstatesoccur until transitions equalizeand steady state is readed.
If the transition likelihoods are appropriately chosen,then the steady-state probabilities
represen the distribution on corresppndencematricesB .

Our approad conmbines Metropolis sampling [38], which ensuresappropriate transition
probabilities, with simulated annealing [34], which allows relative likelihood maxima to be
avoided by visiting a larger portion of the samplespace. The approad can be summarized
asfollows:

Start with initial temperature T = Ty
Loopuntil T 1 (E-step):
Setk=10
Start with valid state B °
Compute initial parameter matrix M °
Compute initial likelihood coe cient c(M °)
SetA =0
Loop until k su ciently high (steady state):

Randomly perturb state to B
Evaluate the likelihood ratio
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If 1 then keepnew state
Else keepnew state with probability =T
If new state kept then
SetB*! = g
Compute M ¥*1 and ¢(M **1)
ElsesetB k"t = B
SetA = A + B
Setk=k+ 1
SetW = A=k
Solwe for new b given W (M-step)
SetT= T (for0< <1)
Seth=n+1

The likelihood function usedto compute (i.e., the ratio of the new likelihood to the
old) is
" #
X
pBXjb;M) = oM ¥ exp "M Kb = oM ¥)exp b BM b (23)

i=1 j=1

whereb is taken asthe polar direction of the current baselinedistribution estimate. E cien t
calculation of is describked in x3.4.4.

In a particular E-steploop, A isan (M + 1) (N + 1) accurmulation matrix that courts
the number of visits to eat state. W is a valid matrix of marginal probabilities (weighs)
w;; obtainedby averagingall state visits. The initial temperature T, is setto a relatively low
value; high initial temperaturessene to explorelarger regionsof the parameterspace which
is unnecessarpecausehe Hough transform provides a reasonablyaccurateinitial estimate
by. The valueof Ty is chosenaccordingto uncertainty boundson by, andis typically between
1.5 and 2:0 in practice.

The MCMC algorithm requiresa valid starting state, and random state perturbations
that satisfy detailed balance (meaning e ectively that ewery valid state is reatable from
ewery other valid state). Thus perturbations must be de ned which canvisit the entire state
space. Theseperturbations are descriked in the following sections.

3.4.3 Matc h Perturbations

For the casewhere B ¥ is a squarepermutation matrix (i.e. all featuresare visible in all
images),Dellaert proposessimple swap perturbations, sothat B ¥ isidertical to B ¥ except
for asinglerow (or, equivalertly, column) swap. It canbe proventhat all statesarereacdable
using these perturbations. When the number of visible 3-D featuresis unknown, howewer,
and when outliers and occlusionare presen, detailed balanceis no longer satis ed by simple
match swapping, becausesud swapping presenesthe number of valid matches;therefore,
stateswith greateror fewer matchesthan the current state are never readed.
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We generalizeDellaert's technique, in the two-cameracase to handlean unknown number
of visible 3-D features,and alsoto handle outliers and occlusion. The state matrix B and
the probability matrix W are eathy augmerted with an extra row and column (x3.3.3) to
represeh an appropriate state space(i.e. to accoun for featureshaving no matches). Novel
perturbations in addition to row and columns swaps are also introduced which allow all
statesto be visited.

[]

@) (b)

o4

A
3

Figure 9: Row and Column Swaps
(a) Two rows of the match matrix, includingoutliers, are interchanged.(b) Two columnsare interchanged.

In particular, to allow the number of valid matchesto change,two complememary oper-
ations are proposed. The split perturbation corverts a valid match into two outlier features,
and the merge perturbation joins two outlier featuresinto onevalid match. Figure 10depicts
theseoperationsin terms of the corresppndencematrix B .

-=f-=d--q---t---|--§

() (b)

Figure 10: Split and Merge Perturbations
(a) A valid carrespondenceis split into two outliers, thus reducingthe number of valid matchesby one. (b)
Any two outlierscanbe mergedinto a valid corespndenceo increasethe number of valid matchesby one.

3.4.4 Ecien t Sampling

The samplingalgorithm outlined above seemsat rst to be computationally expensiwe, espe-
cially for the large state matricestypical of real imagescortaining many features. However,
three optimizations canbe appliedto signi cantly improve the algorithm's performance.The
majority of any given state matrix is zero;in fact, out of M N possibleertries, a maximum
of N + M 1 are non-zero(this correspnds to the casewhere all features are outliers).
Thus the rst optimization is to usesparsematrix represetations for B and for state per-
turbations. Becauseof the geometric match constrairts from x3.2.2, many con gurations
B areinvalid. Thus, the secondoptimization is to consideronly those state perturbations
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involving valid matches.

The nal optimization involvescomputation of the likelihood ratios . Each perturbation
represems only an incremenal changein the state that involvesat most four ertries in B .
The exponertial form of the likelihood function in (23) facilitates computation of ratios:

k oM ) exphb>|\/rkbi K\« h i
pEIM) . 2 " - M) M9 (24)
p(B *jb; M ) c(M “)exp b™M “b c(M *)

In the caseof swapping two rows, say row m which cortains a onein columnn and row
p which cortains a onein column g, most terms in the sum of (23) remain unchanged;only
the ertries by, by, bng, @and by, dier. The new parametermatrix is given by

M =M+ Mg+ Mpm Mo M g (25)

which involvesonly four newtermsthat canbe computedfrom the current parametermatrix.

Split and mergeperturbations have equally simple incremerial computations, sincethey
alsoinvolve only a few ertries of B*. If a valid correspndencehy, is split, then the new
parameter matrix becomes

M= M5 M ; (26)
if two outliers are merged,the new parameter matrix is
k k .

Nt =M+ M mn - (27)

Incremertal computation of the di erence (M “ M X) in (24) is thus straightforward.

3.5 Multi-Camera Metho d

Translations recovered between camera pairs are merely directions, and thus can only be
determinedup to unknown scale. This sectionillustrates how baselinedirections can be as-
senbledinto a setof constrairts on camerapositionsand usedto recover a globally consistem
posecon guration.

3.5.1 Baseline Constrain ts

Only the directions (not distances)betweenadjacert nodesand roughinitial camerapositions
are known. We employ an iterative algorithm that updates ead node's position p; using
constrairts imposedby its assaiated baselines.

At ead iteration, the list of all nodesis traversedin random order. For a given node i,
a set of constrairts is asserbled by constructing rays originating at the currert positions p;
of its neighbor nodesand emanatingin the direction of the estimated baselinesb;; (Figure
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Figure 11: Assembling Translation Directions
(a) After motion directionsare estimatedbetweenall relevantcamerapairs, camerapositionsare still un-
known. (b) A posecon guration consistentwith all motion directionscan be determined.

Figure 12: Single Node Baseline Constraints
A node's position is constrainedby adjacentpositionsand baselines.

12). The new position p? for node i is chosento minimize the mean-squaredistanceto eat
baselineray. In the absenceof baselineuncertainty, p? can be determined accordingto

o X N 1 X N
Pi = j(l byib/;) j(' bjibji)p; (28)

Uncertainty in baselinedirections can be incorporated by replacing b,-ibj>i in (28) with the
second-momeinmatrix of the baseline'sBingham density. Uncertainty in p? in the form of
a3 3 Euclideancovariance matrix, is approximated by the inversematrix in (28).

3.6 Metric Registration

Poseestimatesrecovered using the methods of x3.5 are globally consisten relative to eath
other. Howeer, they residein a locally de ned and somewhatarbitrary coordinate system
that doesnot necessarilycorrespnd to the metric spaceof the scene.A rigid transformation
consisting of translation, rotation, and scalecan expresscameraposewith respect to any
desiredcoordinate systemwhile preservingthe local relationshipsamongcameras.

The sensorproduces pose estimatesin an absolute (Earth-relative) coordinates [11].
Theseestimatesprovide a ground-truth referenceframeto which the cameracon guration is
nally registered. We assumethat the sensorestimatesare unbiased,sothat the Euclidean
transformation that best ts recoveredcamerapositionsto initial camerapositions produces
an optimal poseassignmen
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3.6.1 Absolute Orien tation

This section outlines the approad to absolute orientation, or 3-D to 3-D registration, as
proposedby Horn [30]. The goalisto nd the translation, rotation, and scalethat bestalign
the N recovered camerapositions, or sourcepoints X, with the N initial positions, or target
points y;.

(@) (b) (© (d)

Figure 13: Metric Registration Process
A two-dimensionablepiction of metric registration. (a) The original con guration is shifted so that the two
centroidscoincide. (b) Rays from the centroidto eachcamerarotationally aligned. (c) The optimal scaleis
computedand applied. (d) The nal con guration.

First, ead point setis translated so that its certroid is coincident with the origin. A
new set of points is thus de ned sothat

Xi = Xi Xo, Yi=Yi Yo (29)
where
1 X 1 X
Xo = Wi=1 Xi, Yo = Wi=1 Yi: (30)

This allows rotation and scaleto be applied relative to the sameorigin, namely the certroid
Xo andy, of the two 3-D point sets.

The sourcepoints arethen rotated by a matrix R to optimally align the rays through the
points x; and y; originating at x, andy,, respectively, asshown in Figure 13. The rotation
R is estimated using the deterministic two-camerarotation method descrilked in [3]. Next,
the optimal scalefactor s is computedas

S PN—
s= p Ii\|=1 Yi Yi : (31)
i=1 Xi X

Finally, the points are shifted from the origin bad to the target points' certroid y,. The

overall transformation acting on the sourcepoints is thus given by

g(xi) = sR(Xi Xo)+Yoq
= SRx;+t (32)
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wheret = y, SRx . This is consistem with the derivation in [30].

Probabilistic transformations are not necessarnherebecausehe target positionsare not
ground-truth quartities. Howewer, the previously estimated poseuncertainty must undergo
a similar set of transformations, descriked in the next section.

3.6.2 Transforming Uncertain ty

Modi cation of the cameraposenecessitategppropriate modi cation of its uncertairty. Let
X be the position of a given camerabefore metric registration, with uncertainty descriked
by a Gaussianrandom variable with meanat x and with covariance matrix ,and let y
represen the camera'sposition after registration. From (32),

y = SRx + t: (33)
The new covarianceis then given by
hyy”i  hyihy”i
H(sRx + t)(sx”R” +t7)i (sRhxi+ t)(sh,x”iR” +17)
= s’Rmkx iR”> s’Rixihx”iR”
= s’R R’ (34)

and is thereforeindependen of the translation t.

Camera orientation is not a ected by pure translation or scale; thus, rotational pose
uncertainty is altered only by the rotation R. A given camera'sorientation is represeted
by a unit quaternion g, which is a Bingham random variable B4(q; ;U). Intuitiv ely, the
concelration parameters should remain unchangedby the rotation; howewer, the orthog-
onal columnsof U, eat of which is a distinct quaternion, should be transformedby R. A
guaternion acts on another quaternion as a matrix multiplication; thus, the new orientation
guaternion ¢ is then given by & = Qq, whereQ isa 4 4 matrix represeting R. The
samematrix canbe usedto transform the columnsof U, resulting in a new random variable
distributed asB4(&; ;QU).

3.7 Asymptotic Running Time

The running time of the translational registration algorithm is O(n), or linear in the number
of input nodesn. Note that the number of adjacenciesn the node graphiis linear in n, since
ewvery node hasat most a constart number neighborsin the graph. The algorithm's pairwise
baselineestimation stagethereforerequiresO(n) time per iteration. In practice a few dozen
iterations su ce for corvergence.

3.8 Limitations

The algorithm has seeral limitations. It requires useablepoint featuresfrom a feature
detector. It relies on pairwise baselineestimates, so can be unstable for degenerateinput
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con gurations, or incorrect node adjacencies.The algorithm's assumptionthat nearby nodes
are likely to have obsened overlapping scenestructure may be faulty, for examplewhentwo
nodeslie on opposite sidesof a thin building.

3.9 Summary of Position Recovery

This section presented a sequenceof steps for the recovery of metrically aligned camera
positions given known orientations and scene-relatie 3-D line directions. First, camera
adjacenciesare determined from the appraximately known initial pose. For ead adjacen
camerapair, a direction of motion is determined. Geometric constrairts are imposedwhich
drastically reducethe number of putativ e point feature matches,after which a Hough trans-
form determinesthe most likely motion direction by consideringall matchessimultaneously
A MCEM algorithm then alternately re nes the motion direction and computesprobabilistic
correspndenceby sampling over all correspndencesets.

All two-cameramotion directions are asserbled into a setof linear constrairnts on camera
positions, which is iterativ ely solved to producea globally consistem posecon guration. Fi-
nally, this con guration is rigidly transformedfor metric alignmert with the original camera
poseusing a classical3-D to 3-D alignmernt technique. The end result is a set of consisten
camerapositions and oriertations, aswell as estimatesof their uncertainty.

4 EXp erimen ts

We implemerted the position registration algorithm in roughly 5,000lines of C++ code,
and instrumented its performanceon a 250MHz SGI O2 with 1.5 Gigabytes of memory This
sectionassessethe algorithm's end-to-end performanceusing se\eral objective metrics, on
both syrthetic and real data. We give comparisonsto ground truth for syrthetic data, and
use a variety of application-speci ¢ consistencymeasuresfor real data (where no ground
truth is available).

4.1 Synthetic Data

This sectiondescrikesa seriesof experimerts on syrthetic data.

4.1.1 Two-Camera Baseline Recovery

We assessethe algorithm's recovery of pairwise baselinesdy randomly generating3-D point
featuresand projecting them into the cameras.We introduced cortrollable projection noise
using bipolar Bingham distributions, and a number of random outlier obsenations.

Figure 14 plots the accuracy of baselinerecovery as feature noise, outlier percenage,
rotation error, and the number of featuresare varied. We perturbed the true baselineby a
random anglewith variance 2 and usedan uncertainty bound of 3 .
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Figure 14: Accuracy of Baseline Estimation
Accuracyof baselinerecoverywith varying inputs. Error varies roughly linealy with feature noise (upper
left). Error is roughly insensitiveto the number of outliers (upper right). Error increasegapidly with the
errar in suppliednode rotations (lower left), but eventuallyplateausat the explicit bound imposedon the
baselinedirection (x3.2.2). Errar decreasesvith increasingnumber of samplepoints (lower right).

The recovered baselineestimatesare robust even againstextremely high outlier percen-
agesdue to the Hough transform initialization. The technique does not fare so well with
error in suppliedinput rotations, becausehe epipolar formulation fundamertally dependson
accurate cameraorientations. Intuitiv ely, poor node rotations \scatters" the accurnulation
of epipolar lines.

We assessethe MCEM componert of the algorithm by visualizing the match probability
matrix (x3.4.2) at di erent stagesof its ewlution (Figure Figure 15). The match matrices
producedby MCEM do not perfectly capture feature corresppndencewhen signi cant noise
is presen. Howewer, this correspndenceis newer explicitly required, sincethe end-to-end
performancemeasureis baselineaccuracy(Figure 17).

Finally, we comparedthe baselinedirection estimatesobtained by the MCEM algorithm
to those produced by a deterministic Iterated Closest Point (ICP) method (Figure 16).
The ICP algorithm is idertical to the MCEM algorithm, exceptthat instead of estimating
probabilistic match weights at ead E-step, ICP determinesthe set of \b est” explicit (i.e.,
binary) matchesgiven the current baselinedirection. MCEM consistetly outperformsICP,
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Figure 15: Evolution of MCEM Match Probability Matrix
Evolution of the match matrix asthe MCEM algaithm proceeds.(a) Successivéerationsfor point feature
noiseof 0:05 ; carespndenceis perfectly recovered.(b) Iterations for point feature noiseof 0:5 ; a few
featuresare misclassi ed.

exhibiting lesserror as both feature noiseand the number of outliers increases.
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Figure 16: Baseline Recovery with MCEM and ICP Metho ds
Baselinerecoveryerra is plotted for the (stochastic) MCEM and (deterministic) ICP methods asa function
of increasingfeature noise(left) and outlier percentage(right). MCEM outperfams ICP in both cases.

4.1.2 Global Registration

We assessethe accuracyof the global registration stage,which determinesa consistem set
of node positions given all inter-camera baselinedirections. We generateda collection of
camerapositions (and thus known baselines)randomly, then perturbed the baselinesby a
Bingham noiseprocesswith cortrollable parameters. We then recoveredan end-to-endpose
assignmeh and comparedthe recovered and initial \true" node positions (Figure 17). As
expected, position recovery error grows with the amourt of baselineperturbation. Recorery
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error doesnot decreasesigni cantly with the total number of cameras,sinceonly a constan
number of constraints (one for ead adjacency)are usedto determine ead node position.
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Figure 17: Error in Global Position Recovery
Error in global position recovery as a function of baselineerra (left) and number of nodes(right).

4.2 Real Data

We assessethe end-to-endperformanceof the registration method for seweral real datasets
acquiredas part of the overall model capture project. In lieu of ground truth, which is not
availablein generaland may bedi cult orimpossibleto obtain, we formulated and evaluated
a variety of consistencymetrics. We report the following quartities for ead dataset:

Data size. We tabulate the number of rectangular images(\lmages"), the number
of omni-directional nodes (\No des"), and the number of imagesper node. We report
the averageand total number of point featuresdetected(\P oints"). Finally, we report
the number of adjacent camerapairs (\No de Adjacencies") and the averagedistance
betweenadjacent cameras.

Computation time. We report averageand total running times for eat stage of
position recovery, excluding le 1/O.

Angular and positional o sets . We report the averageand maximum di erence
(\T rans O set") betweenead node'sinitial position (from the input) and its output
position (assignedby our algorithm). These quartities allow us to assesdoth the
guality of the system'sinitial poseestimates,andthe robustnessofthe position recovery
methods to initial poseerror.

End-to-End position error. Wereport uncertainty estimatesfor the recoverednode
positions(\T ransBound") by ewaluating the averageand maximum sizesat which 95%
con dence boundsare readed for the recorered Gaussiandensities.

Featur e consistency. We assessednd-to-endfeature consistencyby cornverting ead
MCEM match probability matrix to a binary match matrix. Eadh match probability
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exceedinga threshold (corresponding roughly to 80% probability) was interpreted as
an unambiguous match, and its constituert point featureswere examinedusing two
error measures.We tabulate the averageand maximum 3-D distance (in certimeters)
betweenrays extruded from ead node through the point feature (\3-D Ray Error"),

and the averageand maximum 2-D distance(in pixels) betweenead point feature and
its epipolar line in the other node (\2-D Epi Error").

4.2.1 Technology Square Data Set: Consistency of Pose Recovery

The Tednology Squaredata set consistsof 81 nodesspanningan areaof roughly 285by 375
meters (Figure 18). Our orientation alignmert algorithm [3] registered75 (or roughly 92%)
of the 81 nodes; 6 nodeswere discardeddue to insu cien t vanishing point information. Of
these75 nodes, the baselinerecovery algorithm registeredall 75 successfully

Figure 18: TechSquare Node Con guration
Node positionsand adjacenciedor the TechSquae data set. The averagebaselingfor 5 neaest neighlors)

was 30:88 meters.

For this data set, our algorithm correctedinitial translation errors of nearly seven meters,
producing node poseconsistem on averageto 0:072 of orientation, 5:6 cm of position, and
1:22 pixels. The maximum poseerror for any node was 0:098 of orientation, 11:0 cm of
position, and 5:71 pixels. Total CPU time was just under three hours.

Data Per Per
Type | Image| Node | Total | | PerPair |  Total |
m;i?r?ts | 48| 3899 BaselineHough | 8.1s [25m 31s
BaselineMCEM | 45.3s 2h23m
Features 227| 10,958 887,598 Glolbal Opt | Om 53s
Nodes | | 81
Node Ad | Total 5345 | 2h49m|
jacencies | | 189

Table 1: TechSquare Data Size, and Computation Times by Stage
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| | Average| Maximum |

Rot

Oset | 1.53 1718 | | Average | Maximum | Std. Dev. |
Rot 3-D Ray

Bound | 0.072 0.098 Distance | 9.6 cm 12.4cm 3.3cm

Trans 2-D Epi

Oset | 0.70m 6.70m Distance | 1.22pixel | 5.71pixel | 2.33 pixel

Trans

Bound | 5.6cm | 110 cm

Table 2: Tech Square: 3-D and 2-D (Epipolar) Consistency

4.2.2 Technology Square Data: Comparison to Man ual Pose Recovery

A manually generatedposesolution wasavailable for this dataset[18], enablingusto compare
manual and automatic poserecovery techniques. Entering v e or more point matches by
hand for ead of roughly 200 adjaciences,expending only one minute per match, would
require about 16 hours of human e ort; thus the studert operator omitted many point
matches, producing a merely corvergen (but not stable) constraint set. Figure 19 compares
epipolar geometryfor manual and automated poserecovery.

Manual Automatic

Figure 19: TechSquare Epipolar Geometry Comparison |
A point featurein oneimageandits correspndingepipolar line in anotherimage,ascomputedusingcameras
generatedby manualcorresppndence(bottom middle) vs. our automatic method (bottom right). Note the
erra in the manualsolution, in this casedueto insu cient manually-enterednatch constraints.

Figure 20 comparesepipolar geometry for a window corner from a repeating seriesof
windows obscuredby foliage. Again, the manual solution haspoor epipolar geometry since
the human userdid not enter this particular match constraint. We obsene that it is plainly
impossibleto match thesewindow cornersgivenonly this pair of images due to the limited
cameraFOV; ewen for the omni-directional image pair, human operators nd it dicult or
impossibleto match window cornersdue to the seere clutter from foliage obscuring most
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individual views. Our algorithm succeedsvherethe human fails by conbining many omni-
directional obsenations of many point features,and iterativ ely reweighting match probabil-
ities until a self-consisteh set emerges.

Manual Automatic

Figure 20: TechSquare Epipolar Geometry Comparison ||
A featurewhosematchis di cult for a humanoperata to identify. Epipolar geometryis showvn for manual
(bottom middle) and automated(bottom right) posesolutions. Note the erra in the manualsolution.

4.2.3 GreenBuilding Data Set (30 nodes)

We identied a small node set with particularly noisy initial pose, in order to test the
robustnessof the automatic techniqueswith respect to initial poseerror. These 30 nodes
spannedan area of roughly 80 by 115 meters (Figure 21); all were successfullyregistered
rotationally and translationally (i.e., end-to-end).

Figure 21: GreenBuilding Node Con guration
Node locationsand adjacenciesor the GreenBuildingdata set. The averagebaselinewas 15:61 meters.

The rotational registration stage correctedinitial orientation errors of 6:83 . For this
data set, our algorithm correctedinitial translation errors of nearly six meters, producing
node poseconsisten on averageto 0:067 of orientation, 4:5 cm of position, and 2:21 pixels.
The maximum poseerror for any nodewas0:12 of orientation, 8:1 cm of position, and 4:17
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pixels. Total CPU time was just over one hour.
The GreenBuilding node set had particularly noisy initial height estimates(Figure 22),
sowe studied the algorithm's ability to recover consiste node height (or z).

Figure 22: GreenBuilding Height Corrections
(a) A horizontal view of the node topology befare posere nement. All nodeswere acquiredat roughlythe
sameheightabovethe ground;noisyGPScausedoor initial z estimatesfor the nodes. (b) After re nement,
most of the height variation hasbeencarrected.

Evenfor nearby 3-D points, the initial epipolar error in this datasetis substartial, roughly
hundreds of pixels (Figure Figure 23). The registration algorithm nds accurate epipolar
geometryfor thesepoints.

Finally, we examinedpoint featuresknown to be very far from all nodes,to assesghe
algorithm's ability to recover consistem poseaway from the immediate vicinity of the ac-
quiring cameras(Figure 24). With poor initial pose,and distant 3-D feature points, our
algorithm recovers both node and feature positionsto within a few certimeters.

Data Per Per
Type | Image | Node Total ‘ \Per Pair\ Total ‘
Irlil]ages | 23 623 BaselineHough | 6.2s 816m
P%ists | | BaselneMCEM | 42.55 | 5620m
Global Opt 021m
Features 257 5,967| 179,030 Total P 18 |7 1o5n
Node Ad- ‘ ota ‘ s ‘ ‘
jacencies | | 80

Table 3: Green Building: Data Size and Computation Times by Stage

| | Average| Maximum |

Rot
Oset | 2.95 6.83 | | Average | Maximum [ Std. Dev. |
Rot 3-D Ray
Bound | 0.067 0.12 Distance | 10.2cm 18.5cm 53cm
Trans 2-D Epi
Oset | 286m |5.97m Distance | 2.21pixel | 4.17 pixel | 1.43 pixel
Trans
Bound | 4.5cm | 8.1cm

Table 4: Green Building: 3-D and 2-D (Epipolar) Consistency
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Initial Refined

Figure 23: GreenBuilding Epipolar Geometry Comparison
Initial and re ned epipolar geometry;the algaithm corrects signi cant initial poseerrar.

Figure 24: GreenBuilding Epipolar Geometry for Distant Points
Epipolar lines after registrationare consistentto within a few pixels,evenfor distant 3-D points. Error in
initial poseis substantial;the samelinesinferredfrom the this posefail to intersectthe image.

4.2.4 AmesCourt Data Set (100 nodes)

The Ames Court data set spansan area of 315 by 380 meters, represeting a larger geo-
graphical region and a larger number of camerasites (Figure 25). Of the 100nodesin this
set, the rotational stageregistered95 successfully The translation stageregisteredall 95
nodes.

Initial posewas correctedby 5:59 and 6:18 m, achieving averageconsistencyof 0:095 ,
5:7 cm, and 3:88 pixels. The maximum poseinconsistencywas0:21 , 8:8 cm, and 5:02 pixels.
Total CPU time was just under four hours.

4.3 Benet of Omni-Directional Imagery

There is substartial experimenrtal evidencethat wide-FOV (i.e., omni-directional) images
are fundamenally more powerful than narrow-FOV (i.e., planar) imagesin practice. Our
companionpaper [3] shoved evidencethat vanishing point estimation becomeamnore robust
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Figure 25: AmesCourt Node Con guration
Node locationsand adjacenciedor the AmesCourtdata set. The averagebaselinewas 23:53 meters.

Per Per

Image| Node| Total ‘ ‘ Per Pair ‘ Total ‘

Irlil]ages | 20 2(1)88 BaselineHough | 7.8s 30m 10s

todes | | BaselineMCEM | 52.6s | 3h 24m

Global Opt 1mO04s

Features 257 4,132 413,254 ol P 60|4 3h oo
Node Ad- | ota [60.4s | m |
jacencies | | 232

Table 5: AmesCourt Data Size and Computation Times by Stage

| | Average| Maximum |

Rot
Oset | 2.83 5.59 | | Average | Maximum | Std. Dev. |
Rot 3-D Ray
Bound | 0.095 0.21 Distance | 14.9cm 20.2cm 56 cm
Trans 2-D Epi
Oset | 3.53m |6.18m Distance| 3.88pixel | 5.02pixel | 2.10 pixel
Trans
Bound | 5.7cm | 8.8cm

Table 6: Ames Court: 3-D and 2-D (Epipolar) Consistency

and more accurate with increasing eld of view. Here, we shav analogousevidencefor
position (baseline) recovery. We examined the Hough transform, and resulting baseline
direction estimate, for a node pair as a function of the number of planar imagesused.
Transform valuesare plotted in Figure 27. The sharpnessf the peak, and the consistency
of the resulting baselineestimate, increasedirectly with eld of view. Moreover, we obsene

that narrow-FOV imagesdo not provide su cient feature overlap for corvergencein any of
our datasets.
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Figure 26: AmesCourt Epipolar Geometry
Point featuresand carrespnding epipolar linesfor a typical node pair in the AmesCourtset.

Figure 27: Hough Transform Peak Coherence
The dependenceof Houghtransfam peak coherenceon eld of viewfor nodescontaining47 images. Peaks
are shown for a baselinedirection, for increasingnumbers of images(1, 10, 20 and 40) in the node tiling.

4.4 Other Error Sources

The algorithm preserted in this paper relies upon the outputs of a number of other algo-
rithms, including cameracalibration and noisy feature detection. Without careful surveying
of ground-truth 3-D measuremets, it isdi cult to quartitativ ely judge the system'send-to-
end performanceon real data. Howewer, the consistencymeasuresabove suggestthat node
poseis recovered accurately

5 Related Work

This sectionreviewsprior work in 3-DOF baselineestimation and 6-DOF registration.

5.1 Interactiv e Pose Estimation Metho ds

Interactive toolscanalsobe usedto imposeconstrairnts on camerapose[7, 20, 46]. Thesetools
would require a prohibitive amourt of manual e ort to registera largeimagenetwork. They
are also vulnerable to operator error, and to numerical instability: since human operators
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have a nite capacity for work, they will tend to specify as few constrairts as possibleto
achieve convergence.

5.2 Controlled Calibration

Many vision applications assumestatic cameras[49, 40], or a xed spatial con guration of
two or more cameras[29]. Somesystemsrecover relative posethrough the use of known
targets [55, 14]. Thesetechniquesrequire 3-D to 2-D correspndencein ead calibration
image, usually supplied by a human operator, or determined automatically as long as the
target remainsin clearview. Thesemethods have two principal disadvantages: they require
static cameracon gurations, and they require that known objects be preset in the scene.

5.3 Structure from Motion

A classof structure from motion (SFM) techniquesrecorerssceneggeometryand camerapose
for a moving camera[35, 42, 51]. Thesemethods are sensitive to image noise, illumination
variations, and strong perspective or occlusiondue to extendedbaselines.

Somemethods recover poseonly betweenconsecutie imagepairs or triples in a sequence
[24]; these local techniques are prone to bias and error accunulation. Azarbayejani [5]
addresseghis issue by using an extended Kalman lter to update structure and motion
using all available data, incremenally improving the estimatesas new data is introduced.

Projective reconstructiontechniquesavoid intrinsic cameracalibration [39, 36, 28], recov-
ering structure and poseonly up to an arbitrary projective transformation. Other linearized
versionsof SFM have beenformulated, basedon SVD [41] or a ne approximations [33.

5.4 Corresp ondence Metho ds

Nearly all registration algorithms rely on explicit knowledgeof correspndencebetweenfea-
tures. Low-level trackers[50] and densetexture trackers[31, 58] attempt to compute corre-
spondenceunder short or in nitesimal baselineqi.e., for situations in which scenebrightness
and viewpoint changelittle acrossimages,and there is little or no occlusion).

Robust statistical techniques have been deweloped to diminish the e ects of outliers.
Examplesinclude RANSAC (random sampling consensus)23, 24], MLESAC [54], ROR
(rejection of outliers by rotations) [1], and LMS (least median of squares)[13, 49. These
algorithms attempt to nd consistem poseassignmets by randomly choosingfeature subsets
and examining remaining featuresfor consistency Howewer, they can require exponertial
time in the number of candidate features;they do not accourt for match ambiguities, or
feature noise;and they do not samplethe spaceof all feature setsin a principled way.

Other authors formulate correspndenceprobabilistically rather than explicitly [44, 15,
21]. None of thesetechniqueshave beendemonstratedfor large numbers of featuresor ex-
tended cameramotions. Correspndence-fregposeestimation techniqueshave alsoemerged
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(e.g.,[25]), but have not beendemonstratedfor sceneswith signi cant occlusionor lighting
variation.

5.5 Measuremen t Uncertain ty

Most authors who have treated measuremenuncertainty have usedadditive Gaussiannoise
[48,2, 37, 27]. This noisemodel hasno meaningfulinterpretation for projective variables. For
example,the units of the covarianceof the fundamertal matrix [19, 59 are not well-de ned.
Bingham distributions have beenshown to be more appropriate for projective variables[17].

5.6 Exp ectation Maximization Metho ds

Someauthorshave proposedEM or EM-lik e algorithmsto solve coupledstructure and camera
motion problems[57, 9, 15], but none have provided a principled treatment of measuremen
noise and matching ambiguity. Recenly, a probababilistic EM formulation has been pro-
posed[21], which handlesmultiple imagesand match ambiguity, but only whenthe number
of 3D featuresis known, and all featuresare visible in all images.

6 Contributions and Conclusions

The algorithm descrikedin this paper makesuseof a number of fundamertal techniquesfrom
computer vision and estimation theory, including: the useof gradiert-based(point) features
for robustnessagainst lighting variations and strong perspective; decoupling 6-DOF pose
estimation into two pure 3-DOF problems;probabilistic inferenceon the sphere;the Hough
transform (for e cien tly establishingpriors), Markov chain Monte Carlo methods (for e -
ciertly sampling from high-dimensionalprobability spaces),and expectation maximization
methods (for iterativ e solution of coupledclassi cation and estimation problems).

This paper makes se\eral cortributions to the recovery of absolute positions for large
collectionsof cameras,and attainment of large-scale6-DOF extrinsic calibration. First, we
proposethe use of a priori absolute position estimates,and an image adjacencygraph, to
limit inter-cameraregistration to those imageswhich are likely to have obsened common
scenestructure. This enablesO(n) rather than O(n?) asymptotic performance,and removes
the need for a human operator to supply matching constraints (for example to initialize
a bundle-adjustmen optimization), or supply photogrammetric tie points to expressthe
resulting posein an absolute (Earth) coordinate system.

Second,we shov quartitativ e evidencethat wide-FOV (omni-directional) imagesare
fundamenally more powerful obsenations than are narrow-FOV (planar) imagesfor the
recovery of inter-image baselinesand global positions. Omni-directional imagesare free of
the aperture problem and its attendant ambiguities; nearby clusters of wide-FOV images
generallyobsene more commonscenestructure than do clustersof narrow-FOV cameras.
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Third, we extend existing probabilistic feature corresppndencemethods to handle un-
known numbers of features, unknown occlusion, deacclusion, and outlier features, and to
correctly incorporate projective uncertainy.

Fourth, we combine Hough transform and MCMC techniquesto addressthe limitations
of both methods. The HT is usedin a discretefashionsimply to establisha prior probability
on the set of possiblepoint matches. MCMC is used for stochastic optimization of the
baselineestimate under balancedmatch insertions, deletions,and swaps.

Fifth, we describe a method to incorporate a setof pairwise baselinedirection constrairts,
eath with an attendant uncertainty, into a global, linear least-squaresoptimization which
producesaccurateestimatesof nal node positions and an aggregateuncertainty for ead.

Sixth, we assesse@nd-to-enderror of the 6-DOF poserecovery systemwhich incorpo-
rates the position estimation algorithm proposedin this paper. Even in the presenceof
signi cant initial position and orientation error (seweral meters and seweral degrees),our
algorithms recover absolute poseaccurately while requiring a few CPU-hours of computa-
tion. To our knowledge, the resulting datasetsare the largest registeredterrestrial image
datasetsin existence,regardlessof whether manual or automated calibration algorithms
are used. We estimate that producing equivalert datasetsusing manual photogrammetric
bundle-adjustmen would require betweentens and hundredsof hours of human e ort.

Finally, the algorithm descriked in this paper expendstime and spaceresourceswhich
grow linearly in the number of input images,rather than quadratically or worseasin many
previous methods. This removes a fundamertial barrier to the dewelopmen of automated
registration techniquesfor very large numbers of images. In practice, we demonstratedthe
algorithm's performanceon datasetscontaining roughly one,two, and four thousandimages,
complexitieswhich cannot be attained with any other automated method, and which would
be di cult or impossiblein an interactive system.

One perhaps unexpected advantage of working at this scaling regime is that of over-
constrairts and data fusion to reduceuncertainty; our algorithms registerimagesto within
four pixels of epipolar error, on average,outperforming manual bundle-adjustmen due to
the human operator's useof insu cien t constrairts. We emphasizethat the image datasets
for which we report performancewere acquired outdoors, over wide baselines,under un-
cortrolled and varying lighting conditions, and in the presenceof signi cant occlusionand
visual clutter. Consideredtogether, the algorithms presened hereand in [3] represeh a new
end-to-endcapability for automated, absoluteregistration of terrestrial images.
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